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Abstract 

This paper contains a thorough investigation of invariant distributions supported on 
limit sets of discrete groups acting convex cocompactly on symmetric spaces of negative 
curvature. It can be considered as a continuation of ||2l[| . Based on this investigation we 

• provide proofs of the Hodge theoretic results for the cohomology of real hyperbolic 
manifolds announced in | |5^ , 

• improve the bounds for the critical exponents obtained by Corlette for the quater- 
nionic and the Cayley case, 

• compute the L^-cohomology for the corresponding locally symmetric spaces, 

• prove a version of the Harder-Borel conjecture for real hyperbolic manifolds, and 

• compute higher cohomology groups with coefficients in hyperfunctions supported on 
the limit set. 
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1 Introduction 



1.1 The central result 



The present paper is an outgrowth of our long lasting attempt to prove a conjecture of Pat- 
terson 1 57 1 concerning a Hodge theory for noncompact hyperbolic manifolds. It is a slightly 



revised version of my habilitation thesis deliverd at the University of Gottingen. 

Patterson's conjecture was stated for quotients Y = T\X of the real hyperbolic space 
X = MH"" by a convex cocompact discrete group of isometries with the option to generalize to 
more general geometrically finite hyperbolic manifolds. T acts by conformal transformations 
on the sphere S""^ = dX which appears as the geodesic boundary of X. Let A be the limit 
set of this action. We consider the space Q^^{dX) of complex valued differential p- forms on 
X with distributional coefficients, i.e., p-currents. The conformal group G acts on it. It fits 
into the de Rham complex 

^ n^-ooidX) ^ ^looidX) ...^ ^""-"^{dX) M C ^ (1) 

which we have completed by C in order to make it acyclic. (||) is a complex of G-representations. 
In particular, the center Z{q) of the universal enveloping algebra IA{q) of the Lie algebra 
g of G acts on it. Let F be an irreducible finite-dimensional representation of G. Let 
(il^oo((9X) F)^^ C ^^_^{dX) (g) F be the largest subrepresentation on which Z{q) acts 
by the same character xf as on F. It turns out (see Proposition |6.lD that {^^_^{dX) (g) F)^^ 
is isomorphic to the space of distribution sections C~°°{dX^ V[F,p)) of a homogeneous vector 
bundle V{F,p) —>■ dX. Thus @) induces the acyclic complex 

^ C-°°{dX, V{F, 0)) ^ C^idX, V{F, 1)) ^ . . . ^ C-'^idX, V{F, n - 1)) ^ F ^ (2) 

which appears in the literature under various names like BGG-resolution or Zelobenko complex 
(see e.g. |7ll], §], 0). The G-representations C-'^{dX, V{F,p)), p = 0, . . . , n - 1, constitute 



all principal series representations of G with infinitesimal character xf- Note that in case 
of the trivial representation F = C the complex (|2|) coincides with (0). By Zpj^ we denote 
the space of such F-invariant p-cocycles of (^) which are supported on the limit set A. Let 
H*(T, F) be the group cohomology of F with coefficients in the F-representation F. Patterson 
conjectured that for all p 

HP{r,F)^Z'^J . (3) 

HP(T, F) is equal to the de Rham cohomology group HP{il.*{Y, Ep)) of the complex of differen- 
tial forms on Y with values in the flat vector bundle Ep ^Y induced by the F-representation 
F. On the other hand, one can interpret elements of Zp~^ as a kind of boundary values of 
the F-invariant lifts from y to X of very special closed and coclosed F'iT'-valued p-forms (for 
noncompact Y the space of all closed and coclosed p- forms is infinite-dimensional). Thus (^) 
could be considered as a version of Hodge theory for the present situation. 



We are mainly interested in the case of noncocompact F, since for cocompact F the validity 
of (^) is a rather direct consequence of classical Hodge theory. Then the general receipt for 
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producing closed and coclosed forms on Y or, more generally, eigenforms of the Laplacian 



A is given by the theory of Eisenstein series (see |21] and the references cited therein). Set 
:= dX\A and B := T\Q. B should be considered as the boundary at infinity of Y . Let us for 
a moment assume that F = C Then there is a distinguished Eisenstein series Es{(j)) £ il.P{Y), 
s G C, G nl'^iB), such that A^?((/.) = {{p - - s^)E^s{(^), dE^s{(^) = 0. We are 

especially interested in the point s = p — which corresponds to closed harmonic forms. 
The possible poles of Es at s = p — will prevent us to prove (|3|) in full generality. Indeed, 
there are situations, where ^ is not true. Assume that Eg has a pole at s = p — of order 
A: > 0. The boundary value of the leading singular term EP{—k, (f>) of Es{(t>) at s = p — is 
an (n — ]3)-current with support on the limit set. On the other hand, 

d , , n + 1 ^ . 



db\^ {s-{p- ^—)fEP{(t)) 

A. _ (p _ !i±l))'=Ai?P(<A) 

d , , n + n + 1 



s=p- 



, - (p - -^)r^\s +p- -^)EPA4>) 



2 



ds 

-ik + l)i2p- {n + l))EP{-k, 



Thus EP{—k, (f)) is exact (if p ^ ^^^)- If in addition EP{—k, (f)) is coclosed, then the boundary 
value of EP{—k,cl)) belongs to Z^^. Therefore, (^) could not be true. An example, where 
such a situation occurs, is discussed at the end of Section ^. 

For general F there are Eisenstein series E^p ^ and a special parameter s = sp^p analogous 
to E^s and s = p — ^^-^ . In order to deal with singularities of the Eisenstein series at s = s f,p 
we consider certain successive non-split extensions of the homogeneous bundles V{F,p) =: 

^ V'''^{F,p) V''{F,p) V{F,p) . 

By ^C~'°°{A,V^{F,p)) we denote the space of F-invariant distribution sections of V^{F,p) 
which are supported on the limit set. Set 

(A,y+(F,p)) := U ^C-^{A,V\F,p)) . 

fcGN 

We have Z^^^ C ^C~'^{A,V{F,p)) C ^C-~(A, y+(F,p)). The whole principal part of the 
Laurent expansion of E^p ^{(j)) at s = sp^p defines via the boundary value map an element 
of ^C-°°(A,y+(F,p)). By E^{F,p) C ^C-'^{A,V+{F,p)) we denote the space of all these 
boundary values. In particular, E'^{F,p) = {0} if and only if Ep_^ is regular at s = SF,p- In 
the case of cocompact F we set E'j^{F,p) := 0. 



Our result can now be formulated as follows (see Proposition 4.12 , Theorem 6^ and Corol- 
lary |6^). It has been announced in [54|. 



Theorem 1.1 1. The space °°{A,V~^{F,p)) is finite- dimensional. 



1.2 Higher cohomology groups 
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2. For p = 1, . . . ,n — 1, p there is an exact sequence 

^ E^{F, n-p)^ ^C7-°°(A, V^{F, n - p)) ^ HP{T, F) ^ . (4) 
For p = ^^yi there is a slightly modified exact sequence. 

3. Ifp>^^,thenEl{F,n-p) = 0. 

4. IfE+{F,n-p) = 0, then Z^J = ^C~°°{A,V+{F,p)). 
In particular, HP{T,F) ^ Z^J by (gj. 

5. Forp>l we have HP{T,F) ^ Zp~/. 

Assertion 5 says in particular that (^) is true in dimension n = 2. Since (^) is a sequence of 
finite-dimensional spaces which are related to (generalized) harmonic forms the theorem can be 
considered as a variant of Hodge theory. Up to now there is no example for which we can prove 
that the map Zp~^ HP(T,F) is not surjective. We always have dim Zp~^ > dim (T , F) 
(Proposition |6l5|). 



As already remarked by Patterson |57| and independently observed by Lott |^], Assertion 
5 for F = C and p 7^ § follows from the results of Mazzeo and Phillips on comparison of 
L^-cohomology with cohomology with compact support. Indeed, also our proof of Assertions 
3-5 relies heavily on L^-methods which do not apply to p < ^. 

The theorem has an obvious generalization for P-representations of the form F <SiV, where 



V is finite-dimensional and unitary (see Theorem 3^). We will also consider the case of 
non-unitary V. In contrast to Assertions 3-5, Assertions 1 and 2 also hold in this case (for 
noncocompact P). 



Strictly speaking. Theorem 1.2 and all the results reviewed in this introduction are proved 
under the additional assumption that P is torsion-free since we like to work in the category of 
smooth manifolds. Using the fact that P always has a torsion-free normal subgroup of finite 
index the results can be easily extended to the general case (compare the discussion at the 
beginning of Subsection [7^ ). 



The reader should be warned that this introduction is the only place in the present paper, 
where Eisenstein series are mentioned. Instead we will use the extension map exts which 
can be considered as a direct construction of the boundary values of Eisenstein series. The 
Eisenstein series are then obtained by composing exts with a suitable Poisson transform (see 



1.2 Higher cohomology groups 



The exact sequence (^ can also be viewed as the determination of the space of invariants of 
the P- module of distribution sections of V^{F,p) with support on the limit set in terms of 
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spectral data (boundary values of residues of Eisenstein series) and topological data (the coho- 
mology groups H"'~'f{T, F)). This space of invariants constitutes by definition the cohomology 
group H^{r,C^°°{A,V^{F,p))). As it is often the case a full understanding of the situation 
requires to know the higher cohomology groups H^(T, C~°°(A, V^{F,p))), j > 0, too. Indeed, 
in 1^ Patterson spelled out a second conjecture stating that the dimensions of the spaces 
(T,C~'^{A,V{F,p))) are finite and should be related to the order of the singularity of a 
twisted Selberg zeta function at a certain integer point. We will discuss this conjecture in little 
more detail at the beginning of Section ^. It turns out that it is more appropriate to consider 
the spaces C~°°(A, y+(F,p)), instead. Moreover, for technical reasons (see Subsection |1.3| ) 
we have to work with the F-modules C^^{A,V^{F,p)) of hyperfunction sections supported 
on the limit set. It is relatively easy to see (Theorem |3.3| ) that 

H^r, C-~(A, V+{F,p))) - H\r, C--{A, V+{F,p))) . 

One expects that this isomorphism remains to be true in higher degrees j > 0. Up to now 
this has been proved for cocompact F, only (|jl^, Results of this kind strongly depend 

on the fact that T does not contain parabolic elements. While we will say nothing substantial 
on the Selberg zeta function we will prove the following result (see Theorem B.lSf ). 



Theorem 1.2 For all j > 1, p ^ there is a natural isomorphism 

W{T,C~^{A,V+{F,p))) ^ H''-P+^{T,F) . 
Forp=^ there is a splitting V{F, ^) = V{F, +) © V{F, -). Then 

H^{T,C-''{A,V+{F,+)))^ W{T,C'{A,V+{F,-)))^ h'^+^{T,F) . 
In particular, the spaces H^{r,C^^{A,V^{F,p))) are finite- dimensional. 



Again, it is allowed to incorporate twists by finite-dimensional F-representations into the 
theorem. We also gain information on the spaces W{T, C-'^(A, V^{F,p))). In particular, they 
are finite-dimensional. A result which implies Theorem in the special case of spherical F 
and p = n — 1 was already obtained in [^] . 

The bundles V{F,p) sit inside families of irreducible G-homogeneous bundles V{a\) para- 
metrized by irreducible representations of the isotropy group P of the chosen base point in dX. 
We call such a representation very special if ^((Ta) is one of the bundles F(F,p), p ^ 0, V{F,±). 
Moreover, it is natural to deal with the more general framework of a linear real rank one Lie 
group G and a convex cocompact discrete subgroup F C G. Again we have the symmetric 
space X, the limit set A sitting in its geodesic boundary dX, and homogeneous vector bundles 
^(^a) dX. The spaces C~'^{dX,V{ax)) of their hyperfunction sections constitute the 
principal series representations of G. There is also a notion of very special parameters a\ 



(Definition 4^). Unless stated otherwise, we will exclude the exceptional symmetric space 
X = OH"^ from the considerations. We then have F-modules C~^{A,V^{ax)) and a finite- 
dimensional subspace E+{ax) C ^C-°°{A,V+{ax)) = H^{r,C-^{A,V+{ax))) generated by 
the singular part of extg at s = A. Again it is conjectured that the order of the singularity at 
A of the Selberg zeta function associated to a is related to the dimensions of the cohomology 
groups of F with coefficients in C~^{A, V~^{ax))- 



1.3 The structure of the paper and side results 
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Theorem 1.3 Let G be as above, T C G convex cocompact, and ax not very special. Then 

W{T, C-'^iA, V+iax))) = {0} for all j>l. 
If, in addition, T is not cocompact, then 



This theorem combines the assertions of Proposition 4.16 and Theorem 3.9. It would be 



desirable to extend also Theorems |1.1| and 1.2 to the general rank one situation. However, for 



complex and quaternionic hyperbolic spaces the structure of analogous results is expected to 
be much more involved. 



The proof of each of the above theorems is based on three essential ingredients: the sur- 
jectivity of Laplace-like operators on smooth sections of vector bundles over connected non- 
compact Riemannian manifolds, a geometric version of scattering theory (developed in joint 
work with Ulrich Bunke mainly in pl|] ), where the above mentioned operator exts plays an 
essential role, and the theory of Poisson transforms for homogeneous vector bundles over sym- 
metric spaces (which is essentially the theory of asymptotic expansions of matrix coefficients of 
admissible G-representations). The latter two ingredients allow us to follow a strategy which 
became more and more popular and promising during the last years, even in the classical case 
of finite volume quotients Y = r\X, namely, study automorphic forms via the behaviour of 
their boundary distributions (compare [^, Q, j 
papers of the author with U. Bunke ll|], pO], pTl, |2 



p, m 



and the joint 



1.3 The structure of the paper and side results 



Section ^ contains a couple of remarks on the surjectivity of the p-form Laplacian on non- 
compact connected Riemannian manifolds. We obtain a weak form of Hodge theory which in 
particular says that any de Rham cohomology class has a coclosed harmonic representative. 
These facts, though based on classical results, do not seem to have been systematically studied 



so far. See, however, the note |3l[| . 



Sections |^ and ^ appear as a longish commentary on [^] and parts of |T^. Since we 
only know the surjectivity of the Laplacian on the space of all smooth forms (or smooth 
sections of more general vector bundles) and not on the space of forms of moderate growth 
(see the discussion in Subsection |7.3D we are forced to redevelop the theory of the extension 
operator exts for convex cocompact groups acting on symmetric spaces of negative curvature 
in a hyperfunction setting (note that the boundary value of an arbitrary eigensection is a 
hyperfunction while eigensections of moderate growth have distribution boundary values). 
This is entirely parallel to the corresponding theory for distributions treated in [^] . In Section 
^ we introduce and study the spaces rC-°°(A,y+(o-A)) and E+iax). In particular, we show 
that they are finite-dimensional. For Re(A) > we draw some consequences of unitarity which 
go beyond the results of [^], Section 7. In particular, we obtain the following new results 
which are of independent interest: 
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(i) The operator extx is regular at such non-negative A which correspond to regular inte- 
gral infinitesimal character (Proposition 4.21| ). This in particular implies Assertion 3 of 



m 



Theorem 1.1 



If X = MH" and cr is a faithful representation of Spin{ 
{0} (Proposition ^331) . 



n ■ 



1), thenrc-°°(A,y+(cJo)) = 



If X = MH"' or X = OH'^ and T is not cocompact, then the Hausdorff dimension of 
A is strictly less then An or 16, respectively (Corollary |4.22| ). This slightly improves a 



result of Corlette |26|. Note that in these cases the Hausdorff dimension of dX is equal 
to 4n -|- 2 and 22, respectively. 



The reader who is mainly interested in the consequences of these results for spectral theory 
and L^-cohomology can directly jump to Section |9|. There we give a slightly refined version 



of the Plancherel Theorem for L^(r\G) obtained in |21|. For instance, thanks to (ii) we 
now know that in the real hyperbolic case limits of discrete series representations do not 
contribute to the discrete spectrum. Based on the Plancherel Theorem we compute the L^- 
cohomology ofY = T\X with coefficients in the flat bundle Ep induced by a finite-dimensional 



G-representation by standard relative Lie algebra cohomology methods (Theorem 9.8). Again, 
the result will be mainly in terms of invariant distributions supported on the limit set. It follows 
that these cohomology groups are finite-dimensional except for the middle degree. 

In Sections ^ and ^ we have to assume that X = MH'". They culminate in the proof 
of Theorem The reason for the restriction to the real hyperbolic case is that for the 
remaining cases the theory of Poisson transforms for harmonic differential forms is neither 
developed sufficiently far nor would it be possible to use it in order to translate the Hodge 
theoretic results of Section ^ directly to the boundary (e.g., an appropriate Hodge theory for 
quotients of the complex hyperbolic space should involve a filtration by bidegrees). For the real 
hyperbolic case the theory of Poisson transforms of differential forms is well understood |3C]. 
In Section |5| we adjust this theory according to our needs. Combining it with the results of 
Section |^ we obtain a proof of Theorem 1.2 for the special case F = C (except for Assertion 5 



in case p = but with arbitrary twists allowed. The general case follows by an application of 
the translation functor (Section ^) which is well-known in representation theory. The proof of 
Assertion 5 in case p = ^ is then a consequence of the theory of discrete series representations 



combined with various scalar product formulas as e.g. Proposition 4.17. 



In Subsection 7.1 we derive some vanishing results for cohomology based on Theorem 1.1. 
In Subsection 7^ we study of the relation of the spaces Zp^ to cohomology with compact 
support. 

For any Riemannian locally symmetric space there is the notion of automorphic forms which 
involves the condition of moderate growth. Gaillard formulated a conjecture which he calls 
the Harder-Borel conjecture and which states that the subcomplexes of the de Rham complex 
consisting of coclosed harmonic automorphic forms and of automorphic forms, respectively, 
are quasi-isomorphic to the full de Rham complex. The problem is widely investigated in the 
special and most interesting case of finite volume spaces. In our situation (G of rank one. 



1.3 The structure of the paper and side results 
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r C G convex cocompact) the conjecture would immediately follow if we would know that the 
Laplacian acting on forms of moderate growth is surjective. Such an assertion, however, seems 
to be very difficult to prove. Theorem provides representatives of cohomology classes by 
(boundary values of) very special automorphic forms. This does not imply the conjecture yet. 
In Subsection [7.3| we provide some additional arguments which together with Assertion 2 of 
Theorem |1 . 1| show that the Harder-Borel conjecture is true for quotients of the real hyperbolic 
space by a convex cocompact subgroup. 



Section H is devoted to the proofs of Theorem 1.3 and Theorem 1.2. Here we make use of 



several ideas already employed in [14| and [19|. The main step is to compute the higher 
cohomology groups of C^'^{dX,V^{a\)). The first observation we make is that general- 
ized eigenspaces of Laplacians on homogeneous vector bundles over X are acyclic F-modules 
(Lemma 8.2). Here again the surjectivity of elliptic operators on analytic noncompact mani- 
folds (see Section ^ becomes crucial. Then we show that for parameters 0";^ which are not very 
special suitably chosen Poisson transforms map C~^{dX,V^{ax)) isomorphically to a direct 
summand of such a generalized eigenspace. Especially for A = this requires a thorough 
discussion of various cases. It follows that all higher cohomology groups of C~'^{dX,V~^{a\)) 
vanish. If X = M.H"' and ax is very special, then the theory developed in Sections |2|, |5|, 
and ^ implies that certain de Rham complexes of generalized harmonic forms provide acyclic 
resolutions of C~''^{dX,V~^{a\)). This establishes the connection to the cohomology groups 
H'P{T, F). In the final step we use the exact sequence 

^ C--(A, V+{ax)) ^ C-'^idX, V+iax)) ^ C-^{n, V+{ax)) ^ 

in order to conclude that for all p > 1 

HP (C-'^(A, V+{ax))) = HP {C~'^{dX, V+{ax))) . 

For p = 1 this uses the meromorphy of extg. 



We expect that Theorem 1.1 has a natural generalization to arbitrary geometrically finite 
groups r acting on WH^. Note, however, that in this generality the spaces ^C~°°{A,V{F,p)) 
and ^C~^{A,V^{F,p)) can be infinite-dimensional. In order to obtain finite-dimensional 
spaces one should replace the condition "supported on the limit set" by "strongly supported 
on the limit set" (see [^]). Indeed, the meromorphy of exts in the distribution setting has 
been established in [ 20 1 , and the singular part of ext produces invariant distributions which are 
"strongly supported on the limit set". However, it is far from being obvious how to transfer 
this theory to a hyperfunction setting. 



In the special case of finite volume quotients there is an alternative approach. In this case 
A = dX and dim^C~°°{dX,V{F,p)) < co. Thus there is no need to "move" the (strong) 
support of the boundary value of a harmonic form to the limit set and therefore things can be 
done without considering the extended bundles V''{F,p) and V~^{F,p). Moreover, in this case 
Hodge theory on forms of moderate growth is established (see the discussion in Subsection 
[t!^ , in particular Proposition 7.11 ). Therefore one can work from the very beginning in the 
distribution setting. Arguing as in the proof of Corollary 5.4 we obtain 
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Proposition 1.4 Let F be such that Y = T\MH^ has finite volume. Let F be a finite- 
dimensional G -representation as above. Let E{F,p) C ^C~°°{dX,V{F,p)) be the subspace 
spanned by the boundary values of the (not necessarily singular) leading terms of the Eisenstein 
series Ep_,{4>) at s = sp^p (see By Zp we denote the space ofV-invariant cocycles of 
Then there are exact sequences 

^ E{F,p)^^C-^{dX,V{F,p))^H^{T,F)^{) , p/^, 
^ E{F,p) nZ^,^ Z^p^ HP(T, F)^0 . 



Acknowledgements: First of all I want to thank Ulrich Bunke. Most of the results of this paper 
strongly depend on ideas developed in previous joint work with him. Stimulating discussions 
with him accompanied also the work on the present paper. I am indebted to S. J. Patterson 
whose conjectures and insightful remarks were a kind of orientation guide not only for this 
work. Discussions with A. Juhl, who also carefully read previous versions of the manuscript, 
and P.-Y. Gaillard substantially influenced my view on the subject, too. 
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2 A residue of Hodge theory for noncompact Riemannian man- 
ifolds 

Given a smooth manifold Y and a flat finite-dimensional complex vector bundle {E, V) on it 
we can consider the associated de Rham complex 

{n*{Y,E),d) 

of smooth, valued differential forms, i.e., smooth sections of the bundles A*{T*Y)'S>E. Here 
the differential 

d:nP{Y,E) ^nP+\Y,E) . 

is induced by the flat connection 

V : n^{Y,E) n^{Y,E) . 

We are interested in its cohomology groups HP(Y,E). The most important case is the one- 
dimensional trivial bundle equipped with the trivial connection. The cohomology of the corre- 
sponding de Rham complex then becomes canonically isomorphic to the usual (say singular) 
cohomology H*{Y,C) of Y with coefficients in C. For us a manifold always has a countable 
base of the topology. For convenience we assume Y to be connected. 

Let g he a Riemannian metric on Y, and let h be a Hermitian metric on E. We do not 
require h to be parallel with respect to V. These structures induce the Riemannian measure 
IJ,g on Y and Hermitian forms (., .) on AP(T*Y) Cg) E. Then we can form the formal adjoint of 
d 

6 : nP+\Y,E) nP{Y,E) 

which is characterized by 

J^iScOy, vy) dfi{y) = J^iLUy, drjy) dii{y) for ah u G ^p+\Y, E),rj e nP(Y, E) . 

Here the subscript c means compact support. We have 5^ = 0. The corresponding p-form 
Laplacian is given by 

/^ = 5d + d5: VL^iY, E) ^V{Y, E) . 
d and 5 commute with the elliptic and formally selfadjoint operator A. 

These operators give rise to three distinguished suhcomplexes 

^*{Y,E)a,s C n*{Y,E)A C n*{Y,E)^A) 
of the de Rham complex {^1* (Y, E) , d) , namely 



• QP{Y, -E)a,5 := {co G Q,p{Y, E) \ Alo = 0, Su = 0} (coclosed harmonic forms), 

• nP{Y, E)a ■■= {lv e nP{Y, E)\Au} = 0} (harmonic forms), 
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• ^IP{Y, -£')(A) •= £ Q,P{Y, E)\ there exists A; G N s.th. A^lj = 0} (generalized harmonic 
forms) . 

If Y is compact, then by classical Hodge theory all these complexes coincide with ker dn ker 6, 
are finite-dimensional and provide canonical representatives of cohomology classes by harmonic 
forms. For noncompact Y all these statements are false. However, one of the main results of 
the present section is that in general at least the following is true. 



Theorem 2.1 The inclusions of complexes 

n*{Y,E)^^s n*{Y,E)f^^) ^ Q*{Y,E) 
are quasi-isomorphisms, i.e., they induce isomorphisms in cohomology. 

For noncompact manifolds the inclusion ^1*{Y, E)^ — ^ n*{Y, E) is far from being a quasi- 
isomorphism in general. In fact, one can show that i © {—1)*5 : £J)a — * Vl*{Y,E) © 

Q.*^^{Y.,E) is a quasi-isomorphism, i.e., for any p G No there is a canonical isomorphism 

HP{n*{Y,E)^) ^Hf{Y,E)eHP-\Y,E) . 
The theorem is a simple consequence of the surjectivity of the Laplacian on i}P(Y, E) for 



noncompact manifolds, a classical result which goes back to Malgrange |49] but which does 
not seem to have received much attention among global analysts. We will discuss this result 
in a moment. It has been used in several joint papers of U. Bunke and the author (Q, |l|l). 



The validity of Theorem 2.1 was independently observed by P.-Y. Gaillard to whome I 



am also indebted for providing adequate references. 
First we need the following 

Definition 2.2 Let Ei, E2 be vector bundles over Y . We say that a differential operator 

D : C°°{Y,Ei) C°°{Y,E2) 

has the weak unique continuation property if for any connected open subset U CY , any section 
f G C~°°{U, El) with Df = the condition f^u^ = for a nonempty open subset Uq C U 
implies / = on U. 



If Y, El, E2 are analytic, and D is an elliptic operator with analytic coefficients, then D 
has the weak unique continuation property by analytic elliptic regularity (see e.g. [^], Thm. 



8.6.1 or |41], Thm. 3.4.4). In fact, in this case Df = implies that / is analytic. But for 
operators like A this analyticity condition is not necessary for unique continuation. Indeed, 
in the setting introduced above the form Laplacians A : 0,p(Y,E) nP{Y,E) have the weak 
unique continuation property (ill). For an overview concerning unique continuation theorems 



we refer to [43|. We now have 
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Theorem 2.3 ([ ^9(| , p. 341) Let Y be a connected noncompact smooth manifold, and let 

D : C^{Y,Ei) C^{Y,E2) 
be an elliptic operator which has the weak unique continuation property. Then D is surjective. 

In view of the above discussion this imphes 



Corollary 2.4 The p-form Laplacian A : il.'P{Y,E) ^}^(Y,E) on a noncompact connected 
smooth manifold is surjective. 



Proof of Theorem 2. 1 . For compact manifolds the theorem is covered by classical Hodge theory 
(see e.g. Sect. IV. 5). Thus we may assume that Y is noncompact. We first show that 

the inclusion Q*{Y, E)^^^ ^ il.*{Y,E) induces a surjection in cohomology. Let uj £ il.P{Y,E) 



be closed. By Corollary 2A we find rj S Q^{Y, E) solving the equation Ar/ = lo. Set 

ujQ := UJ — ddr] = 5drj . 

Then ujq is cohomologous to uj and coclosed. In particular, ujq £ ^^{Y, E)^^s- This proves the 
desired surjectivity. 

For injectivity we consider cj) E Q,^~^{Y, E), uj = dep. Solving Ar/ = (p in QP^^{Y, E) we can 
form (po := (p — dSrj = Sdrj. Then dcpo = uj, 64>q = 0, A0o = ddcpo = 5uj. 

If w G ^^(y, then A(/)o = 6uJ = i.e., 0o G ^P~^{Y,E)i^^s- Thus in this case a; is a 

coboundary in Q.*{Y,E)^^s- If A'^lij = for some A; > 1, then 

A'^+Vo = A^'-Jw = 6lS.^uj = . 

Hence w is a coboundary in n*{Y,E)i^^y Thus we have shown that both injections of com- 
plexes induce injective maps in cohomology. The proof is now complete. □ 



There is an alternative way of expressing cohomology in terms of generalized harmonic 
forms which will turn out to be crucial in the proof of the main theorem of the present paper. 
By Z'P{Y,E)(^/s^-^ we denote the space of p-cocycles in 



Proposition 2.5 A p-form uj £ QP{Y, E) is exact if and only if there exists a closed p-form r] 
such that Ar] = uj. In particular we have 

HP{Y,E) ^ZP(y,S)(A)/A(ZP(y,^)(A)) ^ kerdnkei 6/ A {ZP {Y, E) (^^)) n hex 6 . (5) 

Moreover, 

A {ZP{Y, = A'= {ZP(Y, for any k £ . (6) 
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2 HODGE THEORY 



Proof. For compact manifolds the proposition is a consequence of classical Hodge theory. Thus 
we can assume that Y is noncompact. If r] is closed, then Ar] = dSr] is exact. On the other 
hand, for exact to = dcp we use Corollary in order to solve the equation = cp and set 
7] = dip. Then 

At] = dAip = Lo . 



This proves the first assertion. Since according to Theorem 2.1 any cohomology class can be 



represented by a generalized harmonic form, or even by a closed and coclosed form. Equa- 



tion (g) follows, too. Let now oj = dSi] G A (Z*'(y, i?))-^)) . By Corollary 2A we can solve 
A^il) = 6rj. Then cu = A^dip G A*-' ^)(a)) • This proves (P) and finishes the proof of the 

proposition. □ 



There is another canonical codifferential 5 acting on Q*{Y,E) which only depends on the 
Riemannian metric g but not on any chosen Hermitian metric on E. Indeed, let 

6i : n^iY) np-\Y) 

be the usual codifferential for the trivial bundle. Then we define 

6 : nP{Y, E) ^ C7°°(y, KPT*Y ® E) ^ VtP~^{Y, E) 

by 

5{ijj ® e) := 5iLJ 6 — ig{Ve)ui , (7) 

where 

ig : n\Y,E)0^}P{Y) nP-\Y,E) 

is the insertion operator defined by the Riemannian metric g. Again we have 6^ = 0. 6 
coincides with 6 if and only if the Hermitian metric h is parallel. We form 

A = 6d + d6: fiP{Y, E) VtP{Y, E) . 

A is elliptic and commutes with d and 5. But in general there is no L^-scalar product on 
QP(^,E) such that A becomes formally selfadjoint. Replacing in the above definitions A by 
A and (5 by 5 we obtain new subcomplexes of (r2*(y, E),d) 

n*iY,E)^^^ c n*{Y,E)^ c • 

While classical Hodge theory does not work if A is not selfadjoint the same arguing as 
above yields 

Corollary 2.6 The Laplacian A : nP{Y,E) ^IP{Y,E) on a noncompact connected smooth 
manifold is surjective. 



Thus the same proofs as above show that for noncompact manifolds we are allowed to put 
a hat on the operators appearing in Theorem 2.1 and Proposition 2.5. 
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Theorem 2.7 Let Y be noncompact. Then the inclusions of complexes 

n*{Y,E)^^g ^ n*{Y,E)^^^ ^ n*{Y,E) 

are quasi-isomorphisms, i.e., they induce isomorphisms in cohomology. 

Proposition 2.8 Let Y be noncompact. A p-form uj G il.^{Y, E) is exact if and only if there 
exists a closed p-form rj such that Arj = uj. In particular we have 

HP{Y,E) - Z'\Y,E)^^^/A -kerdnkerVA (^ZPiY,E)^^^) nkei 5 . (8) 

Moreover, 

A (Zf (y, E)^^^) = A' [Z^{Y, E)^^^) for any k e N . (9) 



For compact manifolds Theorem 2/7 and Proposition 2^ are not true in general. However, 
we have 

Proposition 2.9 Let Y be compact. There exists a A; G N such that Q'P(Y,E)^^^ = ker A*^ for 
all p. In particular, dim 0,* (Y, E) ^^-^ < oo. There is a decomposition of complexes 

n*{Y,E)=n*{Y,E)^^^^eA''{n*{Y,E)) . (10) 
The embedding Q*{Y,E)^^-^ ^ fl*(Y,E) is a quasi-isomorphism. 

Proof. We choose a Hermitian metric h on E. Then we can form the codifferential 6, the 
Laplacians A as above, and the Hilbert space completion L'^{Y, A^T*y E) of r2^(y, E). The 
difference 6 — 6 is an operator of order zero, hence T := A — A has at most first order. A 
becomes an unbounded selfadjoint operator with the Sobolev space H'^(Y, APT*Y (Si E) as its 
domain of definition. T as weh as A = A+T are defined on H^{Y, APT*Y(g)E), and T{l+A)'^ 
defines a compact operator on L'^{Y, APT*Y). As a relative compact perturbation of A the 
operator A inherits from A the property that 

dimlJker(A') < oo , ^^(y, APr*y) = |J ker(A') MA') (11) 
I I I 

(see |33|, Ch. V, Lemma 10.1). In fact, this becomes a simple consequence of the compactness 
of the resolvent (A — A)~^ as soon one knows that the resolvent set of A is not empty which 
can be ensured by 



lim ||T(A - A)-^)|| = (H, Ch. V, Lemma 7.2) . 

A-^ioo 

By elliptic regularity U;ker(A') C nP{Y,E). Equation (|l|) now follows from ([ll|). 



As in the proof of Theorem 2T one shows that any cohomology class in H'f{A^ (J7*(y, E)) 
has a A-harmonic representative. Now ( p!o|) implies that it is zero. This finishes the proof of 
the proposition. □ 
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3 HYPERFUNCTION SCATTERING 



3 Scattering theory for convex cocompact groups: the hyper- 
function setting 

The main purpose of this section is to transfer the results of [^], Sections 4-5, from distribu- 
tions to hyper functions. First we have to recall the setting of that paper. 

Let G be a connected, linear, real simple Lie group of rank one. We fix a maximal compact 
subgroup K G G and an Iwasawa decomposition G = KAN of G. Note that the rank one 
assumption is equivalent to dim A = 1. Let M := Zk{A) be the centralizer of A in K. 
We denote the Lie algebras of these groups by g, 6, a, n, and m, respectively. We form the 
corresponding minimal parabolic subgroup P := MAN of G. The group G acts isometrically 
and orientation-preserving on the rank-one symmetric space X := G/K. Let dX := G/P = 
K/M be its geodesic boundary. We consider X := X U dX as a compact manifold with 
boundary. 

Let r C G be a discrete torsion- free subgroup. Its limit set A C dX is defined to be the set 
of accumulation points in XUdX of the L-orbit of an arbitrary point x € X. The complement 
:= dX\A is called the domain of discontinuity of T. Indeed, F acts properly discontinuously 
on r2 as well as on X U il. Hence, Y := T\{X U $7) is a manifold with boundary B := T\Q. 
Its interior Y := T\X carries the structure of a locally symmetric space of negative sectional 
curvature. We assume F to be convex cocompact which means by definition that Y is compact. 
In particular, a cocompact subgroup is convex cocompact. In this case A = dX, 17 = 0, and 
y = y is a compact locally symmetric space. We are mostly interested in the opposite case 
17 7^ 0. Then 1" is a locally symmetric space of infinite volume without cusps which we will 
call a Kleinian manifold generalizing the corresponding notion for three-dimensional hyperbolic 
manifolds. 

By 0^ we denote the complexified dual of o. For a G A and A G we set := e^'^'^°s(")^ G 
C. Let a be the short root of a in n. We set A^ := {a £ A \ a'^ > 1}. Define p £ a* as usual 
by p{H) := itr(ad(i/)| J, G a. We have 



X 


RH"- 








p 




na 


{2n + l)a 


11a 



Any element g £ G has a Cartan decomposition g = kgUgh, kg, h £ K , Ug £ A^, where Ug and 
kgM £ K/M are uniquely determined by g. 

Definition 3.1 The critical exponent 6r G a* o/F is the smallest element such that the series 
J2ger ^9^'^^^^ converges for all Ago* with X > 6r- If T is the trivial group, then we set 
6r := — oo. 

If (r, Vr) is a finite-dimensional representation of P, then we denote by V{t) := G xpVr 
the associated homogeneous vector bundle over dX = G/P. It induces a bundle on B = F\0 
defined by Vb{t) := T\V{t)iq. These bundles are defined in the analytic category. Therefore 
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we can consider not only smooth and distribution sections but also analytic and hyperfunction 
sections of these bundles. Of main interest are the P-representations ax which arise as follows. 
Let (cr, V^) be a finite-dimensional unitary representation of M. For A G we form the 
representation a\ of P on := V^, which is given by a\{man) := a{m)aP~'^. There is a 
chain of inclusions of continuous G-representations (called principal series representations) on 
complete locally convex Hausdorff topological vector spaces 

C^{dX,V(ax)) C C^{dX,V{a>)) C C'^ {dX,V {ax)) C C-^{dX,V{ax)) 

which we all denote by -k"'^. There is a corresponding chain of inclusions of spaces of sections 
over B. Let a be the dual representation to a. Since ^^"■^x*dX = V[\^p) and dX and B are 
compact we have 

C-\dX,V{ax)) = CHdX,V{a^x))' 

C-\B,VB{ax)) = C\B,VB{a-x))' , tt € {oo,u;} . 

As explained in ||2l|, p. 86, we can equip 

IJ V{ax) -^alxdX and [J Veiax) ^ o£ x S 

with the structure of holomorphic families of bundles. 



The structure of a holomorphic family of bundles allows us to consider holomorphic and 
meromorphic families of sections U 9 /U G C^'^{dX, V{afj_)), U 9 /i ^ G C^'^{B, Vb((T^)), 

U C open, as well as meromorphic families of continuous operators between such section 
spaces in the sense of meromorphic functions with values in topological vector spaces. Here 
we equip the space of continuous linear operators between two such spaces with the topology 



of uniform convergence on bounded sets. For a discussion of these notions we refer to [21|, p 



87, and |19], Section 2.2. Let us recall that a meromorphic family of operators is said to have 
a finite-dimensional singularity at A G if the coefficients of the principal part of the Laurent 
expansion at A are operators of finite rank. 



Let {(p,V^) be a finite-dimensional representation of F. We form the bundle V{T,(p) := 
V{t) ig) on dX carrying the tensor product action of F and define VB{T,ip) := T\{V{t) (gi 
V^)|Q. In particular, we have the spaces of sections C±«(5X, V{ax, if)) and C^^{B, Vsiax, ^)) 
as well as the various notions of aj-parametrized families of sections and operators. 

We chose some norm on V^p. Since F is finitely generated we can find an element //Go*, 
/X > 0, and a constant C such that 

Mg)\\<Ca^g forall^GF. (12) 



Definition 3.2 Let 5^ G a* he the infimum of all /x G a* satisfying Equation ( [I^ for some 
C . It is independent of the chosen norm. We call b^p the exponent of ((/?, V^). 
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3 HYPERFUNCTION SCATTERING 



The goal of the present section is to develop the technical means needed for the understand- 
ing of the spaces of F-invariant hyperfunction sections ^C~'^{dX, V{ax, ip)) and its subspaces 
^C~'^{A, V{(Jx, (f)) of those F-invariant hyperfunction sections on dX which are supported on 
the limit set. The starting point is the restriction map 

res : ^C-'^idX, V{ax, v)) ^ C7-(i3, Vb{<Jx, 

which is given by the restriction resn of a hyperfunction section of V{ax,^p) to the open 
subset ncdX followed by the identification ^C-'^{n,V{ax,f)) = C-'^{B,VB{ax,(p)). Then 
^C~'^(A, V{ax, (f)) = ker res. If O 7^ 0, then we are going to construct a meromorphic family 
a^3 extx, 

extx : C"^{B,VB{ax,ip))^'^C-^{dX,V{ax,v)) , 

of right inverses of res. This has already been done for the case of the real hyperbolic space 
and trivial representations a = 1 and = 1 in For general rank one spaces (with the 

exception of the Cay ley hyperbolic plane OH'^) and bundles the analogous construction for 
distribution sections has been carried out in . We shall follow these references quite closely. 

Let us begin with a comparison theorem which is independent of the theory of extx, and 
which also holds in the cocompact case = 0. 

Theorem 3.3 Let r and ip be finite- dimensional representations of P and F, respectively. 
Then a F-invariant hyperfunction section f E ^C~^{dX,V{T,ip)) is a distribution section if 
and only if res{f) G C~°°{B,VB{T,ip)). In particular, 

rC7-(A,y(r,(^)) = rc— (A,y(T,(^)) . 

Proof. We fix an M-invariant Hermitian scalar product (., .) on Vf. Completing C°°{dX, V{ffSi 
l_p)) with respect to the inner product 

Jk 

we obtain the Hilbert space i7 = L^{dX,V{f0l-p)). Here we view ■0 G C°°(9X, y(f® l_p)) 
as functions on G with values in Vf . H carries a continuous representation vr of G, and its 
subspace ifoo of smooth vectors coincides with G°°{dX,V{f ® 1-p)) as a smooth Frechet 
representation. Thus the dual space (-ffoo)' coincides with C~°°{dX, V{t)). We therefore want 
to show that / S ^C~'^{dX,V{T,ip)) defines an element in (.ffoo)' ^ V^p, whenever res{f) G 
C-^{B,Vb{t,p^)). 

Let Hk be the subspace of A'-finite vectors of H. Then according to Lemma 11.6.1 
and Proposition 11.6.2 a functional / on Hk extends continuously to if and only if for all 
(p G Hk the matrix coefficients c/^^, defined by 



19 



are analytic functions on G having moderate growth, i.e., there exist constants Cj^^ G M, 
df e a* such that for all g e G 

Since Y is compact we find a compact set F C X U $7 such that (J7Gr 7-^ = X U $7. Set 
Foo := F n Fg := Fi^ C G. 

li f G C~^{dX, V{t, (f)) then we can form matrix coefficients cj_0 with elements in (p £ Hk 
as above which are now V;,-valued functions. If / G ^C~'^{dX,V{T,ip)) such that res{f) G 
C~°°{B, Vb{t., (p)), then we can find /i G C~'^(9X, V{t, ip)) supported on some compact subset 
Q C dX \ F such that /2 := / — /i G G~°°{dX, V{t, ip)). By the above we find constants C2,^, 
d2 G a* such that for all g £ G 

\cf,A9)\ < ■ (13) 

Note that Hk C G^{dX,V{f ® 1-p))- We now need the following lemma (compare pi] ]. 
Equation (37)). 



Lemma 3.4 Let Q C L C G be compact such that gP Q for all g £ L. Let f G 
C~^{dX, V{t, ip)) with supp/ C Q and (j) G C"^((9X, y(f 1-p))- T/ien ^/lere exists a constant 
C such that for all g £ L, a £ A^, k £ K 

\cfA9ak)\ < Ca-^P\\T{a)\\ . 



Proof. Let w £ Nxio) \ M be a representative of the nontrivial element of the Weyl group 
W{q, a) = NK{a)/M = Z2. Then by the Bruhat decomposition of G we have dX\eP = NwP. 
Thus we can view as a Vf valued function on Nw. We have 

{iT{ak)(f)){nw) = {Ti{k)(f)){a~^nw) = a^'^Pf{a)(TT{k)(f>){a^^ nwa^^) = a^'^Pf{a){TT{k)<f>){a^^naw) . 

Since gP Q for all g £ L there is a compact subset Nq C N such that for all g £ L the 
support of the hyperfunctions nw ^ {7r{g~^)f){nw) = f{gnw) is contained in Nqw. We obtain 

\cf,<i>{gak)\ = \{f,Tr{gak)(j))\ 

= a~'P\mg~^)f,f{a)i7rik)cP){a-\aw))\ 

< a-^''\\T{a)\\mg-')f,i7T{k)cl>){a'\aw))\ . (14) 

Since 

lim {TT{k)(p){a-^.aw) = {TT{k)(p){w) in G'^{Now, Vf) 



we see that the pairing in (14) defines a continuous function on the compact set L x (A^ U 
{cxd}) X K and is therefore uniformly bounded by some constant G. This finishes the proof of 
the lemma. □ 
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3 HYPERFUNCTION SCATTERING 



We continue the proof of Theorem |3.3| . Let us assume for a moment that T is not cocompact, 
i.e., Fqo / 0. Then F can be covered by the sets 

Un := {gaK £ X,gP e dX \ag < n, gP E Foo, a £ A+} , n e N . 

Thus by compactness of F we can find a compact L C G such that LP = Foo and Fq C LAj^K. 
Since there are constants C, di > such that for g £ L, a £ A^ 

a<C'aga, a-^P\\T{a)\\ < a'^' 



Lemma 3.4 impHes that 

|c/,,<^(5)| < Cia^i forall^GFc. 

Combining this with ( p!3| ) we obtain 

\cf,4g)\ < Goaf' for all 5 € . 

Obviously, this inequality remains true in the cocompact case (with do = 0). Since / is 
F-invariant, we have 

c/,</,(75) = V^{l)cf,cpig) . 

We arrive at 

IcfA^g)] < Ga^^^'af for all g G Fg, 7 G r . 



Now by |21], Corollary 2.4, there is some G" such that 

a^ag < G"a^g for all g G Fq, 7 G L . 



Setting df = mayi{dQ,6y, + e) we obtain 

\cfA9)\ < ( 

Thus Cf^if, has moderate growth which implies / G G~°°{dX,V{T,ip)). This finishes the proof 



\cf,<j,{g)\ < Cf^^al^ for all 5 G G . 



of Theorem 3.3. □ 



Corollary 3.5 //Re(A) >5r + 5^, then^G-^{K,V{ax,^)) = {0}. 

Proof. If 17 / 0, then Theorem 4.7 in (2^] states that for Re(A) > 5y + 5^p 

^G-^{K,V{ax,^))={Q] . 
This result can also be proved for cocompact F by a similar but much easier argument. The 



corollary now follows from Theorem 3.3. □ 



From now on we assume 17 7^ 0. As a space of hyperfunction sections over a noncompact 
manifold G^^{Vt^V{(T\,ip)) does not carry a natural topology. For this reason the continuity 



of res is not obvious. But the proof of the continuity in case of trivial a and 99 given in |1£], 
Lemma 2.11, carries over to the general situation. Thus we have 
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Lemma 3.6 The map 

res : ^C-^idX,V{ax,^)) ^ C-'^{B,VB{ax,^)) 

is continuous. 

We want to define ext\ as the adjoint of a push-down map 

7r,,_A : C'^{dX,V{ax,^)) ^ C^iBMa.x,^)) , 
which should be given by 

7r,^^x{f){kM) = J2{^{9)f){kM), kM G n , (15) 

if the sum converges. Here we have used the identification 

C^iB, VBia^x, v>)) = ^C^i^, Via_x, V>)) ■ 



7r{g) is the action given by vr'^' '^{g) 'f{g)- In [^l| it is shown that if we replace on both 
sides analytic by smooth sections, then 7r*^_A converges for Re(A) > 6r + 6^ and defines a 



holomorphic family of continuous maps in this half-plane. Adapting the proofs of |19|, Lemma 



2.6 and Lemma 2.7, in a straightforward way to our more general situation we obtain 



Lemma 3.7 //Re(A) > 6r + then the sum i \Tq ) converges and defines a continuous map 

^.,_A : C-(5X,y(a_A,^)) ^ C'^{B,VB{a-x,'p)) ■ 
For any g €T it satisfies 

TT* -A o T^ig) = Vr*,-A • (16) 

Moreover, vr* _a depends holomorphically on A. 



Definition 3.8 For Re(A) > 5y + we define the extension map 

extx : C-'^{B,VB{ax,^)) ^^C-'^{dX,V{ax,ip)) 

to be the adjoint of 

^,,_A : C^idX, V{a-x, ^)) ^ C"(5, VB{a^x, ^)) • 



In fact, by Lemma 3.7 the extension exists, is continuous, and by Lemma 2.3, it depends 
holomorphically on A as an operator with values in C~'^{dX,V{ax,'-p))- It follows from ( |l^ ) 
that the range of extx consists of F-invariant vectors. Moreover, the restriction of extx to 
distribution sections coincides with the extension map 

extx : C~'^{B,VBiax,^))^^C-°^idX,Viax,^)) 



considered and shown to be meromorphic on in |21|. 
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3 HYPERFUNCTION SCATTERING 



Lemma 3.9 For Re(A) > 6r + S^p the extension map is the inverse of res: 

res o ext\ = id , (17) 
ext\ o res = id . (18) 



Proof.By Lemma 4.5 of [21] the relation ( p!7|) holds on the dense subspace C~°°(B, Vb{(T\, ip)) C 
{B,VB[(y\,(p)). It extends by continuity to the whole space of hyperfunction sections. It 
follows that 

res o ext\ o res = res . 



Since by Corollary |3^ the restriction map is injective for Re(A) > 6r + Sip this implies (|lq). □ 



We want to construct a meromorphic continuation of ext\ to all of aj. For this reason 
we will study the scattering matrix acting on analytic sections. First we have to recall the 
Knapp-Stein intertwining operators. 



Let w £ Nk{(i) \ M be a representative of the nontrivial element of the Weyl group 
W{g,a) = NK{a)/M = Z2. If cr is a representation of M, then its Weyl-conjugate cr"', acting 
on the same vector space V^, is defined by a'^{m) := a{w^^mw). If a is equivalent to a"^ , 
then we say that a is Weyl-invariant. Unless indicated otherwise a shall from now on denote 
a Weyl-invariant representation of M which is either irreducible or of the form a' © a'"^ with 
a' irreducible and not Weyl-invariant. In both cases the representation of M on can be 
extended to a representation of Nk{o) which we also denote by a. This extension is unique 
up to a character of the Weyl group, i.e., the two possible choices of a^w) can differ by a sign, 
only. Let us fix such an extension. 



For Re(A) < the (unnormalized) G-intertwining operator 

is defined by the convergent integral 

{Ja,xf){g) := a{w) [ fignw) dn . (19) 
Jn 

Here we consider / S C°"{dX, V{ax)) as a function on G with values in V^^ satisfying f{gp) = 
crx{p)~^ f{g) for all p G P. The operator J^x does not depend on the choice of w. For 
(7 = 0"'© o""" as above we denote by Ja',x the restriction of Jq-^a to C°°(5X, V{a'^)). 

The holomorphic family A 1-^ J^-^a ha-s a meromorphic continuation to all of with poles 
of at most first order. There is a meromorphic function p^ : ^ C, called the Plancherel 
density, such that 

Ja,~X o Ja,X = ^Tvid • (20) 



For all this see [45| or Ch. 10. Since C^{dX,V{ax)) is the space of analytic vectors of 
the continuous Frechet representation G°°{dX,V{(7x)) the intertwining operator restricts to a 
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continuous operator 

4,A : C^{dX,V{ax)) ^ C'^{dX,V{a-x)) ■ 

The argument of the proof of Lemma 2.16, shows that the latter operator indeed comes 
as a meromorphic family in the strong sense of this paper. The restriction of the adjoint of 
Jct,a to C^{dX,V{a\)) coincides with J^-^a (|4^i Lemma 24). Therefore this adjoint can be 
used to define the continuous extension to hyperfunction sections 

4,A : C-''{dX,V{ax)) ^ C-'' {dX,V{a^x)) , 
which is again a meromorphic family of operators (|l^, Lemma 2.3). 

For any open U C dX we introduce the space 

C^'^{dX,V{ax)) := {/ € C-^idX,Viax)) \ resuf G C"^([/, F^))} . 

We equip C^^{dX, V{ax)) with the weakest topology such that the embedding C^^{dX, V{(T\)) 
^ C-'^idX.Viax)) and the restrictions C^"^ {dX,V {ax)) ^ C^{W,V{ax)) to the spaces of 
germs of real analytic sections along any compact W C U are continuous. We also consider 
the analogously defined twisted versions C^'^ {dX,V{ax, f ))- The argument of the proof of 
[pj| ], Lemma 2.19, shows that the intertwining operators are off-diagonally smoothing in the 
following strong sense. 



Lemma 3.10 For any open U C dX the intertwining operators induce a meromorphic family 
of continuous operators 

J,,A : C^'^idX,Viax)) ^ C^'^idX,Via_x)) ■ 



Tensoring with a finite-dimensional representation {(p,Vip) of T we obtain a meromorphic 
family of F-intertwining operators which we denote by the same symbol 

X,x := Ja,x ® id : V{ax, ^)) ^ C^j'^idX, V{a^x, ^)) • 



Definition 3.11 For Re(A) > 6r + we define the unnormalized scattering matrix 

S^,x ■■ C-'^iB, VBiax, ^)) ^ C-'^iB, Fs(^-a, ^)) 
as the continuous operator given by the composition 

Sa,x := res o X x ° extx ■ 

From now on we assume X ^ OH'^. Theorem 5.10 in |21] tells us that the restriction of the 
scattering matrix to smooth and distribution sections, respectively, 

5,,A : C^°^iB, VBiax, ^)) ^ Vsia.x, ^)) (21) 

has a meromorphic continuation to all of a|^. We are now able to prove the corresponding 
statement in the analytic category. 
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3 HYPERFUNCTION SCATTERING 



Proposition 3.12 The restriction of the scattering matrix (21) to C"^(i?, VbI^A) V')) provides 
a meromorphic family on of continuous operators 

The meromorphic continuation of the scattering matrix acting on hyperf unctions, initially 
defined for Re(A) > 6r + 5^^, is given by the adjoint of 



We have 



1 



-id 



(22) 
(23) 



Proof. Theorem 5.10, asserts that the restriction of extx to distribution sections has a 

meromorphic continuation to o^. This together with ( p!7| ) imphes that 



extx ■■ C^iB, Vniax, v)) ^ ^C^"(5X, Veiax, ^)) 



is meromorphic. Now 



4a : C^'^idX, Viax, ^)) ^ C^'^{dX, V{a^x, ^)) 



is meromorphic by Lemma 3.10, while 

resn : C^''{dX,V{a_x,^)) ^ C'^{n,V{a_x,^)) 
is holomorphic by definition. We conclude the meromorphy of 

S^,x = res o 4,A o extx : C"^(S, Vsiax, ^)) ^ C"(5, Vsia^x, ^)) • 
The adjoint of (|2l] ) is given by 

Sa,x : C^°°iB,VBiax,^)) ^ C^°°(S, ^^(a-A, (^)) 
([^], Lemma 5.8). This implies that the adjoint of (|2^ ) indeed provides a meromorphic 



continuation of the scattering matrix as defined in Definition 3.11. Concerning the functional 
equation (|23|) we also could refer to |21|, Theorem 5.10. However, it might be instructive 
to verify (|2^ ) directly. Note that (18) remains true on all of a^, if we restrict both sides to 
C^iB, VB{ax, if)). Let us compute ^^,_a ° S^,\ on C"^(B, Vb{<tx, if)) for Re(A) < 6r + 6^ 



Sa-x ° Sa,x = res o J^_„A o ext^x ° res o J„ x ° extx = res o J„ _x o J^^x ° extx 



pAX) 



id . 



Here we have also used (p?7| ) and (^). By meromorphy (^) holds on all of a| 



□ 



We now come to the meromorphic continuation of extx- First we treat the case 6r + S^ < 0. 



25 



Lemma 3.13 If 5^ + 5^ < 0, then 

extx : C-^{B, Vniax, if)) ^ ^C-^{dX, V{ax, ^)) , 

initially defined for Re(A) > (^r + ^ip, admits a meromorphic continuation to all of with at 
most finite- dimensional singularities. 

Proof. For Re(A) < — (5r + ^ip) we set 

extx ■■= Pa{X)Ja~x o exi_A O Sa,X ■ 

Using (|^) and the functional equation ([2^) we obtain for Re(ibA) < —{Sr + S^) 

extx = exi;^ o res o extA = P<T{^)extx ° res o Jct^_;^ o ext^x ° 'S'o-,a 

= Pa{X)extx o Sa,^x o 'S'a.A = extx ■ 

Thus ext^ provides a meromorphic continuation of extx to all of a|^. Since extx restricted to 
distribution sections has finite-dimensional singularities Theorem 5.10), and since dis- 

tribution sections are dense in C~^{B,Vb{o'x,^)) its continuous extension to hyperfunction 
sections has the same finite-dimensional singularities. □ 



As in |T9| and |2l| we now apply the embedding trick in order to remove the assumption 
6r + 6^< 0. 



Lemma 3.14 If a = 1 is the trivial representation of M, then Lemma 3. IS holds true without 
the assumption 5r + 6^ < 0. 



Proof. The proof is almost the same as the one of Lemma 5.13 in |21]. For the convenience 
of the reader we reproduce it here. 

X belongs to a series of rank-one symmetric spaces. First we assume that belongs to the 
list {Spin{l,n), SO{l,n)o, SU{l,n), Sp{l,n)}. Then we have a sequence of real, semisimple, 
linear Lie groups . . . C G" C G"^^ C . . . inducing embeddings of the corresponding Iwasawa 
constituents /C" C A^" C iV'"+\ M" C M"+^ such that A = A"" = Further- 

more, there are totally geodesic embeddings of the symmetric spaces A" C X"'^^ inducing 
embeddings of their boundaries dX"' C dX"'^^. If F C G" is convex cocompact, then it is still 
convex cocompact viewed as a subgroup of G"^^. We obtain embeddings Jl" C O"^^ inducing 

^ ^n+i ^j^jig ^Yie limit set A" is identified with A"+i. Let = itr(ad(i?)|nn), H e a. 

The exponent of F now depends on n and is denoted by 6^. We have the relation 5^^^ = 
(5p — C) where C ■= yo""*"^ — > 0. Thus (^p"*"™ — > — oo as m ^ oo. Hence, taking m large 
enough we obtain Jp"*""* + d^p < 0. The aim of the following discussion is to show how the 
meromorphic continuation of ext?^^ leads to the continuation of ext?. 



26 



3 HYPERFUNCTION SCATTERING 



Let := MM"iV-, V{lx,ipr ■= Xpn Vi^ V^, and Vs'^ilx,^) = r\F(lA, 
Here as always {if, V^) is a finite-dimensional representation of F. The representation Vi^ of 



pn+1 j-ggf^i-jcf^g to the representation Vi, , of P". This induces isomorphisms of bundles 



'\dX 



denote the maps given by restriction of sections. Note that j* is G^-equivariant. The adjoint 
maps define the push-forward of hyperfunction sections 

j.:C-''{dX^,V{lx,^r) - C--(5X"+\y(lA-c,V'r+') . 



li 4> e C '^(P", VBn(lA, y?)), then the push forward U4> has support in C B"^^-^. Since 
j,ggn+i Q ext^^"^ = id we have 

supp(ext^+i o i^){(f,) c A"+^ U f]" = aX" . (24) 

Assume that exf""*"^ is meromorphic on a^. We are now going to continue exi" using i^,, ext^'^^ 
and a left inverse of j,. We identify C7^(aX"+\ ^(Ia, ^)"+^) with C7^(5X"+i) ® for all 
A G C. Denote by .6(0, 1) the closed unit ball in F, where F = M, C or H, respectively. We 
choose an analytic diffeomorphism T : -6(0, 1) x dX'^ ^ [/ to a tubular neighborhood U of 
in Then we define a continuous extension t : C"^((9X") (g)V^^ C^iU) by 

T*tf{r,x) :=/(x) . 

Let t' : C-^{U, V{lx-c, 9^)"+^) ^ C-^{dX''^, V{lx,vT) be the adjoint of t. Then t' o = id. 
Because of (p4|) we can define 

ext"</> := (t' o ext"+| o i*)(0) . 

Then ^ 

extl : C-^{B^,Vb^{Ix,v)) - C'^idX^ ,V{lx,^T) 

is a meromorphic family on of continuous maps with at most finite-dimensional singularities. 

In order to prove that ext^ provides the desired meromorphic continuation it remains to 
show that it coincides with ext^ in the region Re(A) > + 5^p. If Re(A) > 5^ + S^, then 
Re(A) — C > ^r^"^ + ^ip, and the push-down maps tt" _x, '?r"^^_(_^ are defined. It is easy to see 
from the definition of the push-down that in the domain of convergence 

^ ° ^*-x+( - ^*-x°J ■ 
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Taking adjoints we obtain ext^'^^ o = o ext^. Therefore we have 

extx = t' o ext^^^ o i^, = t' o j^, o ext^ = ext^ . 

It fohows by meromorphy that im.{ext^) consists of F-invariant sections for all A G a^. 

If G" does not belong to the list {Spin{l,n), SO{l,n)Q, SU{l,n), Sp{l,n)}, then there is 
a finite covering p : ^ with G" G {Spin{l,n), SO{l,n)o, SU{l,n), Sp{l,n)}. In this 
case one can find a normal subgroup F'^ C T of finite index and a discrete torsion-free sub- 
group C G" such that p induces an isomorphism from f to T^. Indeed, using Selberg's 
Lemma (see e.g. [^) we can take a torsion-free subgroup of p^^{T) of finite index and 
set r*^ := p{T^). We can apply the concept of embedding to the subgroup T^. In order to 
transfer results for to F we use averages over the finite group T/F^. This finishes the proof 
of Lemma |3.14 . □ 



Now we are able to prove the main result of this section in full generality. 



Theorem 3.15 If X ^ OH'^, then the extension map 

ext^ : C-'^iBMa^,^)) ^^C-''{dX,V{ax,ip)) , 

initially defined for Re(A) > (^r + ^ip, admits a meromorphic continuation to all of with at 
most finite- dimensional singularities and satisfies 

res o extx = id . (25) 



Proof. In view of Lemma 3.14 it is enough to reduce the statement to the case a = 1. As 
in [^] we use tensoring with finite-dimensional G-representations. We can assume that a 
is irreducible. Then there exists an irreducible finite-dimensional representation tTo-,^ of G 
with highest o-weight fi € a* such that the representation of M on the highest weight space is 
equivalent to a. The embedding of P-representations ax ^ lA+/i®'''"o-,/i induces a F-equivariant 
embedding of bundles 

icT,fM ■■ V{ax, (p) ^ V{lx+i„TT^,i, if) , (26) 
where we have used the F-equivariant isomorphism 

V{iTa,f,^p) = y(lp,7r^,^|p) , [g,v] ^ {gP,iT^,^{g)v) . 

Therefore we have the corresponding embedding of bundles over B 

: yB{(^\,f) ^ VB{lx+^l,'^a,^, 'p) ■ 

These embeddings induce corresponding embeddings of the spaces of sections which we denote 
by the same symbols. One now checks that for Re(A) > dr + 6,^ 



ia^^ o extx ■ (27) 
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3 HYPERFUNCTION SCATTERING 



By Lemma 3.14 the left hand side of (27) is meromorphic on with finite-dimensional sin- 
gularities. This provides the meromorphic continuation of the right hand side, thus of ext\ in 
general. For more details we refer to pl| ], pp. 108-109. Equation (25) now follows from ( [ITD 
by meromorphy. This finishes the proof of the theorem. □ 



Corollary 3.16 ^C-'^{dX,V{(Jx,^)) is dense in'^C''^{dX,V{ax,^)). 



Proof. Choosing a holomorphic trivialization of the family of bundles 

z 

we can identify C^^{B, V{ax, f)) with the space of constant families fj,>-^ £ C^'^{B, F(cr^, (/?)). 
We set 

Wreg ■= {/ S [B , V{ax, ^)) \ ext^f^ is regular at ^ = A} . 

Then extx '■ Wreg ^ {dX,V {ax,'^)) is a well-defined continuous map. Since the sin- 
gularity of ext^ at /X = A is at most finite-dimensional Wreg C C~'^(i?, F(c7A) V')) has finite 
codimension. Using that C~°°{B, V{ax, v?)) C C~'^{B, V{ax, (/?)) is dense we can find a finite- 
dimensional subspace Woo C C~^{B,V{ax,^)) such that 

C-^{B, V{ax, if)) = Wreg W^o ■ (28) 

Let now / G ^C~'^{dX,V{ax,^))- Choose a sequence gi G C~°°{B,V{ax,^)) converging to 
g = res{f). We decompose g and g^ according to (p8|), g = g'^^^ + g°° , g^ = g^^^ + g?°. Then 
g°°,gr,gr e C-°-{B,V{ax,^)). We set 



fi = f - exixg"'"^ + extxg^ 



reg 



Because of the continuity of extx and of the splitting ( pSf ) the sequence fi converges to /. 
Moreover, 

r-es(/.)=5°°+5reC-~(i?,y(aA,(/.)) . 
Hence /, G ^C-°^{dX,V{(Tx,v)) by Theorem This proves the corollary. □ 
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4 Invariant distributions on the limit set 



This section can be considered as a variation on the theme of [21|, Section 6. We retain 
the notation and assumptions of the previous section. Throughout this section we assume 
7^ 0. For a given representation cr of M we now consider only such A G a^, where extx is 



meromorphic with an at most finite-dimensional singularity. By Theorem 3.15 this is the case 
for all A e whenever X / OH"^. 



First we need the following result (compare ||l9|, Proposition 3.4) 



Proposition 4.1 // / G ^C-^(A, ^(cja, (/?)) and (p £'^C''^{dX,V{ax,'f)), then 

{res o X^x{f),res{(p)) = . 



Note that res o Jo-,a(/) is regular since it only sees the off-diagonal part of the intertwining 



operator. Moreover, res o Ja,\{f) G C^{B,VBio'-\,(p)) by Lemma 3.1C . Thus the above 
pairing is well-defined. 

Proof. According to ||2l|, Proposition 6.5, the assertion is true for / G '"C^°°(A, V{a\, ip)) and 
(j) G ^C-°°{dX,V{ax,'^)). Now / G ^C-^{A,V{ax,^)) by Theorem |3j. Because of Lemma 
S.C and Corollary ^.16| the assertion extends to </» G '"C~'^(5X, V{a\, (p)) by continuity. □ 



Next we introduce certain extensions of the bundles V{a\,ip) with itselves. Let 11 be the 
space of polynomials on o. The group A acts on it by translations. This action extends to a 
representation 1^ : MAN GL{Il) given by 

l+{man)f{H) := f{H - logo) . 

For any /c G N the finite dimensional subspace II'^ of polynomials of degree at most — 1 is 
invariant with respect to this action. We denote the restriction of 1"*" to II'^ by l'^. Then we 
set V'iax, p) := Viax l^ (/?), V+{ax, v?) := Viax 1+, ^). There is a chain of inclusions 

{0} = V'>{ax,ip)cV{ax,p) = VHax,ip) C V\ax,p) C. . . 

... C V''{ax,^)cV''+Hax,p)C...CV+{ax,^) . 

Again there is a restriction map between the corresponding spaces of sections 

res : "^C^^dX, V''{ax, p)) ^ C-^B, V^{ax, p)) , G {oo, c^} . 

We are especially interested in the space of invariant sections supported on the limit set (recall 
Theorem ^.3D 

^C~°°{A,V''{ax,p)) :=ker res . 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



We set 

C^\dX,V+{ax,^)) := (j C^^{dX,vH<rx,^)) , 

C±«(i?,y+K,(^)) := \JC^^{B,V^{ax,v)) . 

fceN 

The space C°°{dX,V+{ax,ip)) C C-^{dX,V+{ax,v)) can be described as follows 

„ „ ^, I f smooth and polynomial w.r.t. a, 1 

^ j{gman,H)=a^ P{a{m) ^ (g) idj/^S', ii + logo) J 

We view the short root a as a coordinate on a. Differentiation defines a P-equivariant 
operator 

da 

It induces a F-equivariant bundle homomorphism 

e:V+{ax,^)^V+iax,^) 
which maps V''^^{ax, onto V'^{ax, f)- Q induces a kind of shift operators 

Q : c^Kdx, y+K, v^)) - y+K, ^p)) , 

Note that g and are surjective while the possible failure of surjectivity of qy will turn out 



to have cohomological meaning (see Corollary 5.4). We also have the restriction map 

res : ^ C-\dX,V+ {ax,^)) ^ C-\B,V+{<jx,^) 
and its kernel '^C-°°(A, y+(f7A, ^)) = {]^^^/ C-^{K,V^{ax,^)). We obtain 

res o Qt = Qb ° res . (30) 



We denote the spaces of germs at A of holomorphic and meromorphic families fi ^ £ 
C-i{dX, V{a^, if)) and fi^f^e C-^B, Veia^, ^)) by OxC-HdX, V{a.,ip)), MxC-i{dX, V{a. 
and OxC-^{B,VB{a,,ip)), MxC-^{B,VB{a,,ip)), respectively. Let M^C-H,..) be the space 
of germs of meromorphic families which have a pole of order at most k at A. Then 

OxC-^idX,V{a.,^)) C MiC-^{dX,V{a,^)) C MxC-HdX,V{a.,^)) 

become F-representations in a natural way. We consider the F-equivariant operator Lx '■ 
MxC-i{dX,V{a.,ip)) ^ MxC-KdX,V{a,y,)) induced by fx+,a ^ zfx+,a- 
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Lemma 4.2 There is a T-equivariant map 

ev : MxC-^dX, V{a.,^)) ^ C-\dX, V+{ax, v)) 

given by 

ev{f^){H) := res,=o(e<^"'^>/A+.a) , Hea. 
Here we consider as a family of generalized functions on G with values inV(j®V^ satisfying 

Ui-P) = Mp)-' ^ id)^(.) , Vp G P . 

ev induces isomorphisms 

MlC-^dX, V{a.,^))/OxC-i{dX, V{a,^)) ^ C~\dX, V^ctx, ^)) , (31) 
MxC-i{dX,V{a,,^))/OxC-\dX,V{a,ip)) ^ C-\dX,V+{ax,^)) ■ (32) 

We have 

ev o Lx = Q o ev . (33) 
The analogous statements for C^'^{B,V^ {a ^^ip)) are also true. 

Proof. First one checks that ev{f^) satisfies the correct transformation law (p9|) with respect 
to the right action of P. Then one observes that ( |3T|) is true for k = 1. Indeed, the preimage 
ev-Hf) of / G C-i{dX,V{ax,v)) = C-i{KxMV^)m^ in M\C-KdX,V {a,, ^))/OxC~i{dX,V {a 
is given by X + za^ If e C'^iK XMV^)(g>V^ = C-HdX,V{ax+za,V'))- In order to complete 
the proof of the lemma it suffices to show (33). Let Hq G a be the element determined by 
{a, Ho) = 1. We compute 

ev{Lxff,)irHo) = reSz=o{e'''' zfx+za) = reS2=o(^e'"^/A+^Q) 
= ^^<U)i^Ho) = Q{ev{f^)){rHo) . 

□ 



In view of ( |33D the map ev can be considered as a version of taking the principal part of 
the Laurent expansion of a meromorphic family G A4xC~^{dX, V{a,, tp)) in a F-equivariant 
way. 

For / sufficiently large we are now able to define a pointwise shifted extension map 
ext[l] : C-\B,V^{ax,^)) ^'^C-^{dX,V-'{ax,^)) , ttG{oo,cu} . 



Definition 4.3 By = k-{ax,f) G Nq we denote the order of the pole of ext^ at fi = X. 
Let f G C-i{B,V+{ax,^)). We write f = ev{f^) for some f^ G 7WaC-«(P, ^^(a., ^)). For 
I >k^ we define 

ext[l]{f) := ev{ext^{L{f^)) G C-\dX,V+ {ax,^)) • 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



If ff, G OxC-i{B,VB{a,,ip)), then extf,{L{f^) G OxC-'^{dX,V{cj,,^)). Therefore the analog 
of (^) for B shows that ext[l] is weh-defined on C^^(i3, V^(c7^, 99)). Moreover, ext{l\ maps 

c-«(s, FjK, if)) to rc-tt(ax, y'=(aA, y.)). 

Equation (^) now imphes that 

res o ext[l] = . (34) 
Moreover, for / > k- and r G N we have by (|3^ ) 

ea;t[/ + r] = o ext[/] = ext^\ o . (35) 
Since (f^ is surjective ( |35| ) imphes that im ext[/] does not depend on the choice of / > 

Definition 4.4 VFe /orm 

i?+(aA, ^) := e2;tH {C-^{B, y+(aA, (^))) C ^^-'^(ax, V^iux^ ^)) , 

i?+(aA,^) := i?+(aA,v.)nrc-'-(A,y+(aA,^)) 

/or some / > k^{ax, ip). 



Lemma 4.5 T/ie space E^{ax, ip) is finite- dimensional, and we have for any I > k_ 
E+{ax,^) = ext[l] (^-'^(i?, vK^a, (/.))) C^C-°^iA,V''- (ax,^)) • 



Proof. By (0) we have for / G C'^iB, Vj^{ax, f)) 

resoext[l]{f) = Mf) . 
Thus ext[l]{f) G ker res if and only if / G C"'^(-B, V^{ax, ¥?))• We conclude that 

E+(aA, ^) = ext[/] (c--(i?, l4(aA, ^)) 



Hence the space ^^^((Ta,^?) can be considered as the space of principal parts of Laurent ex- 
pansions at = A of families of the form 

/u ^ ext^f^ , G OAC~"(i?, VB{a,^)) . 

Since the singularity of ext^ at /i = A is finite-dimensional we therefore see that E^ (ax , f) is 
finite-dimensional. Using in addition that C~°°{B,V^{ax,ip)) C C~'^{B,Vj^{ax,Lp)) is dense 
we conclude that 

E+{ax,ip) = ext[k_] (^C'^{B,V^- {ax,ip))) C ^C-^{A,V''- {ax,ip)) • 
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□ 



We choose a Cartan subalgebra t of m. Then t©a =: t) is a Cartan algebra of g. We consider 
the center 2{q) of the universal enveloping algebra of q. Via the Harish-Chandra isomorphism 
characters of Z{g) are parametrized by elements of f)c/VF(0C; f)c)) where W{gcj^c) is the 
Weyl group of (gci f)c)- We choose a positive root system A+ of {qc, such that all roots 
with positive restriction to a are positive. A character Xu, ^ ^c, '^s called integral, if 

2^ e Z (36) 

for all e € A~^. Here (., .) is a W{qc, f)c)-invariant bilinear scalar product on i}^. 

By pm G ii* C f)£ we denote half of the sum of the positive mc-roots. Let M be the set of 
equivalence classes of irreducible representations of M. For a £ M let G ii* be its highest 
weight. The infinitesimal character of the principal series representation vr'^'^ of G, a G M, 
X G a^, is now given by Xa,x '■= XM<T+Pm-A- If ^ / Rff^, then we define for a G M 

la ■■= {A G 0* I Xa,x is integral} . 

If X = Mi?2 and G = SL{2,R), then M = %2- Let ±1 denote the trivial (+), resp. non-trivial 
(-) irreducible representation of M. We define 

/i:=(^ + Z)a, /_i:=Za. 



If G = PS'L(2,M), then M = {1}, and we define h ■= + Note that /^u, = 1^, 



so 



the definition is compatible with our previous convention concerning the Weyl-invariance of 
a. Let la C 0* be the lattice generated by the short root a, if 2a is a root, or by a/2, if not. 
Note that 1^ C la- More precisely, we have either 1^ = 2Ia or 1^ = a' + 2/„, where a' denotes 
the generator of /„. 



A character Xu is called regular, if none of the expressions ( pq ) vanishes. We call it weakly 
regular, if it is regular or if X 7^ M//" and (|36|) vanishes for at most one positive root e. We 



set 

II := {A G /a I Xa,\ is regular} , 

:= {A G /cr I Xa,x is weakly regular} . 

Note that \ is finite. 

We need the following irreducibility criterion for the principal series representations 



C-~((9X,y(o-A)). Compare related results in |64], §, |25|. 



Lemma 4.6 Let a be irreducible, A / 0. If X ^ 1^^ , then C ^{dX,V{ax)) is irreducible. 
Assume in addition that X 7^ WH'^'^^^ or that Pa{0) = 0. Then for all A G the representation 
C-°°{dX,V{ax)) is reducible. 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



Proof. For Re(A) = 0, A 7^ 0, the irreducibility of C °°{dX,V{ax)) is well-known (see e.g. 
H], Prop. 7.2). Thus we can assume that Re(A) / 0. For Re(A) > (Re(A) < 0) there is a 
unique nonzero irreducible G-sub module (quotient) of C~°°{dX, V{ax)) which is given by the 
image of Ja^^-x (of Ja,x) (see e.g. 0|, Prop. 7.24). (By a G-submodule we always mean a 
representation on a closed subspace.) In particular, C~°°{dX, V{ax)) is irreducible if and only 
if C~°°{dX,V{a'^^)) is, and this holds precisely if J^^-x is surjective. Since J^^-x is always 
regular and the poles of J^-^a are of at most first order the functional equation ( pO| ) now leads 
to following irreducibility criterion: 

Let Re(A) > 0. Then C-°°{dX,V{ax)) (and C-°°{dX,V {a"^^))) is irreducible if and only 
if both Jct,a and P(t(A) are regular or = 0. 



The poles of J^^x are always contained in la (|Q, Thm. 3 and Prop. 43). In addition, for 
the real hyperbolic spaces one knows that they are contained la \ la in case of even dimension 



and in in case of odd dimension. For a SO{2n — l)-representation a this follows from |45], 
Proposition 44. In any case, simple invariance considerations imply that the residue of Ja,fi) 
which is a differential operator, vanishes at the remaining points of la- 



The Plancherel densities Pa are explicitly known (see e.g. [^^, Prop. 14.26): 

n (MCT+Pm-A,£) _ Tn> ij2n+l 

eeA+ J^) ' -M.tl 



PaiX) = C(o-) < 



tanrdvr|^m,,A+^^^^^ig|^, X ^RH'-+\ 0/. , (37) 
cot (d^fe|)n.gA+ ^"^t"r'''^ ' X^mH'-+\ OG/. 



where d = 1 for real hyperbolic spaces, d = ^ else, and c{a) is a positive constant depending 
on the normalization of the Haar measure dn. 

An easy discussion of the poles and zeroes of Pa now shows that the above irreducibility 
criterion implies the first assertion of the lemma. 

If X / Ri?2n+i^ then p^ has poles at aU A e I^. Thus in this case C-'^{dX,V{ax)) is 
reducible. For X = Rf/'^"+^ and Pa{0) = the intertwining operator J.^a has poles at all 
nonnegative A € Jo- ([^], Proposition 44). If, in addition, A G I^, then Po-(A) / 0. Thus by 
the above irreducibility criterion C~^{dX,V{ax)) is reducible. This finishes the proof of the 
lemma. □ 



One can show in addition, that for X = CH'^ the intertwining operator J.^a has a pole at 
all positive A G I^"^ \ I^. By definition, we have = I^ for X = Mff". Thus for real and 
complex hyperbolic spaces and ^.(O) = the representations C^°°{dX,V{ax)) are reducible 
for all non-zero A G I^^ . However, for X = Hi/" or OH'^ there are some exceptional pairs 
{a, A) with p^{0) = 0, A G and C~°°{dX, V{ax)) irreducible (see |], g). 

We now introduce a certain subset Ia^'~ C I^^ by 

I^'-'- ■= {A G ir I there exist a' G M, A' > A s.th. Xa',X' = Xa,x} ■ 
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Definition 4.7 We call a pair (a, A) special, if it satisfies one of the following conditions: 

1. Re(A) > and A G C'". 

2. Re(A) < and A G 1^. 

A pair (cr, A) is called very special if X £ T§^~. 

Recall that <Z <Z la- Therefore a very special pair is special. The following lemma 

provides some basic information on the set Ia^'~ . We set a^. := {A G o* | ib A > 0}. 



Lemma 4.8 1. Let A G a*. If i/ = fi^ + Pm + X belongs to the closed positive Weyl chamber, 



i.e., all the scalar products in ^(\) are non-negative, then X ^ la ' ■ Under the additional 



assumption A G also the opposite implication is true. 

2. The set n a\ is finite. 

3. I^'^nal C /r'". 

4. If a = 1 is the trivial representation, then 1^^' Da*^ = f/i. In other words: If a = 1 and 
Re(A) > 0, then (cr, A) is not special. The same is true for a = —1 in case G = SL{2, R). 



Proof. Assume that u = fi^ + Pm + X belongs to the closed positive Weyl chamber. Let {a' , A') 
be such that Xa',X' = X(t,x- Then + Pm - X' = w{pa + Pm - A) for some w G W{qc,^c), 
hence 

w^{iy) = /i^/ + Pm + X' , 

where 9 is the Cartan involution and := 9 o w o 0. Since v belongs to the positive Weyl 
chamber the difference v — wu is a non-negative linear combination of positive roots. Positive 
roots have non-negative restrictions to a. It follows that A — A' = {v — wv)^^ > 0, hence 
A Ia^'~ . Vice versa, assume that A G \ Ia^'~ ■ Define 1^ as above. Let uq be the Weyl 
conjugate of which belongs to the positive chamber. The condition A G implies that 
^0 = Mo-' + Pm + X' for some pair (o"'. A'). Since A I^^'~ we have > A' — A = (i^o — i^)\a- 
Since i^o ~ is a non-negative linear combination of positive roots, we conclude that A' = A 
and r := fQ — is a non-negative linear combination of positive m-roots. It follows that 

II/"<t|P = II/^ct'II^ = \\P(T + t||^ = WpaW"^ + + 2{fia,r) > WpaW"^ + . 

We conclude that r = 0, hence 1^ = 1^0, i.e., z/ belongs to the positive chamber. This finishes 
the proof of the Assertion 1. 

Fix a. Then there exists Aq G 0* such that for A > Aq the element p^ + Pm + X belongs to 
the positive Weyl chamber. Assertion 1 now implies that Ia^'~ D a*^_ is contained in the finite 
set [0, Ao) n 1^. This proves 2. 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



Let A G I^*" n al. If A < 0, then A G Ia^'~ , since Xa^,-\ = Xo-.A- Here w denotes the 
non-trivial element of the small Weyl group W{Q,a). In order to prove Assertion 3 it remains 
to discuss the case A = 0. If G I^, then there exists e £ A"*" such that {e, fj.^ + p) < 0- Hence 
G C" by Assertion 1. If G I^'' \ I^, then X 7^ RH"" and (/x^ + p^,e) = if and only 
if e is the real root, i.e., e|t = 0. A case by case check shows that there exists an element 
w G W{Qc,i)c) such that we ^ ±e and we^a 0, i.e., we is not a root of m. This implies 
that w{fia + Pm)\a 7^ ^iid that w{pa + Pm)\t is m-regular. Therefore we can find an element 
wi G W{gc, f)c) which commutes with 6 such that wiw{pa + Pm) = Pa' + Pm — A' for some 
a' G M, A' > 0. Thus G /r'". 

We now prove 4. Let A G Ii^' . Then ||A|p + UpmlP = \\pa' + PmlP + ll-^'lP for some pair 
{(t',X') with A' > A. Now \\p„i + p^P > \\PmP implies ||A'|p < ||A|p. It follows that A < 0. 
The same argument applies to the case G = S'L(2,M), a = —1. □ 



The relevance of Definition 4.7 becomes manifest by the following lemma. 



Lemma 4.9 Assume that {a, A) is not special. Then 

res o : ^^"^(A, V{ax, ^)) ^ C"^(B, ^^(a^A, ^)) 

is injective. 



Proof. If we replace the condition A G Ia^~ in Definition 4.7 by A G /o-, then the assertion 
is covered by Corollary 6.8 in [^]. The proof of this statement in ||2l| rests on Lemma 6.7 of 
that paper which asserts that under certain conditions on {a, A) for 7^ / G C~^{dX, V{ax)) 
the sections / and Ja,\f cannot vanish simultaneously on the same open subset of dX. In 
particular, it is shown there for arbitrary (fx, A) that if there exists / G C^°°{dX,V{ax)) 
having this vanishing property, then there are an integer m > 0, a representation a' G M, and 
a nontrivial G-intertwining operator 

D : C~^{dX, yK+^J) - C-^{dX, V{ax)) • (38) 

Thus it remains to show that this cannot happen for A la ^'^ , Re(A) > 0. 

Indeed, if such an operator exists, then C~°°{dX,V{a'^^^^)) has the same infinitesi- 
mal character as C~°°{dX,V{ax)). By the very definition of Ia^~ this is impossible for 
A G /^^ \ ir~. Assume now that A /^^ Then X + ma ^ I^r Since Re(A + ma) > 
it follows from Lemma 1£ that C~°°{dX,V{(j'^^^^)) is irreducible. Thus the image of D is 



isomorphic to the irreducible non-tempered representation /^^+'""_ This is impossible by 



Langlands classification (see e.g. [|6^], Thm. 5.4.1): Since I"_^^^°^ is non-tempered it follows 

that Re(A) > 0, and for Re(A) > 0, Re(A') > 0, the equivalence I'^^ = I"i^ implies a = a' , 
A = A'. This finishes the proof of the lemma. □ 



37 



Lemma 4.10 Let a he irreducible, A 7^ 0, and let I C C °°{dX,V{ax)) be a proper G- 
submodule. If f e ^C-°°(A, Viax, <f)) D ^{I V^), then res o X,xif) = 0. 



Proof. The same argument which ensures the existence of the operator (^) in the proof of 



Lemma 6.7 in [21| shows that any 7^ / G / C C °°{dX,V{ax)) vanishing on some open 
U C dX gives rise to an intertwining operator D : C^°°{dX,V{ax)) I which is nonzero 
whenever {Ja,xf)\u + 0. If Re(A) > (Re(A) < 0), then the G-module C-^{dX,V [ox)) 
has a unique irreducible submodule (quotient), which, in addition, is not equivalent to any 
other subquotient of C~'^[dX^V {(Jx)\ whereas it is irreducible for Re(A) = 0, A 7^ (see e.g. 
[p^ j. Theorem 7.2, Theorem 7.24, and Theorem 8.61). Thus there cannot exist a non-zero 
intertwining operator D : C~'^{dX^V [gx)) — > I- The lemma follows. □ 



In many situations, e.g. for Re(A) < 0, Lemma 4.10 has a much simpler proof. Indeed, in 
this case J^^x is regular and vanishes identically on each proper submodule. However, such a 
simple argument does not work if Jo-,^ has a pole at ;U = A. 



The following proposition can be considered as a refinement of |21], Proposition 6.11. 



Proposition 4.11 // (cr. A) is not special, then 

^C-^{dX, y+(aA, ^)) = E+{ax, ^) . 
In particular, in this case we have 

(A, V+{ax, ^)) = E+iax, ^) = ^C'^iA, V'- (ax, ^)) 



Proof. We set 

E\ax,ip) := E+{ax,^)n^C-'^{dX,V\ax,^)) , 
Ei{ax,ip) ■■= E^{ax,ip)nEX{ax,^) ■ 

We consider the restriction map 

resi : ^^-"(^X, V^ax, v)) ^ ^-"(5, vHc^x, v)) ■ 

The first step in the proof is to show the inequality dim Ej^{ax, ^ dimcoker resi, which is 
more or less obvious if ext^ has a pole of at most first order at = A. The general case is 
more involved. For non-special (<t. A) we will conclude equality and ^C^°°{dX,V^{ax,y^)) = 
E^{ax, f). We then proceed by induction on k. 

For some I > k- we form the space 

Ba ■.= C-'^{B,V^{(Jx,ip))/keText[l] . 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



Note that because of (|3^ ) indeed ker ea;t[/] C C ^{B, V\a\, (p)). Then by Lemma 45 the map 
ext\l\ induces an isomorphism 

CA : -Ba ^ E\{(j\,ip) 

satisfying 

where [qb] '■ Ba B\ is induced hy qb- Then E\{a\, tp) = ker [qb\- We claim that 

Q^^^ {kev ext[l]) = resi (^E^{a\,Lp)) C im resi . (39) 

Indeed, let 4> S kerext[/] and choose ^ £ C^^{B,V^^^{ax,Lp)) such that qb{iP) = Then 
o ext[/](^) = ext[/] o qb{'4') = 0, hence ext[/](V') G E^{a\, (p), and resi o ext[l]{ip) = Q^^^{(f)). 
Vice versa, if ext[l]{i{j) G E^{ax,ip), then QBiip) G kerext[/], and resioext[/](^/') = 
This proves 



Now (|39|) implies that [fp^]' ^ induces a surjective map from coker [qb] onto cokerresi. 
Summarizing the above discussion we obtain 

d := dim E\{ax,(p) = dimker[f3B] 

= dim coker [^s] > dim coker resi . (40) 



Set d := dim Ej^{ax,(p). If (o", A) is non-special, then so is (it. A). Thus Proposition 4.1 
combined with Corollary |4.9| implies 



dim coker resi > dim C °^{A,V{d-x,<f)) ■ 

It follows that 

d > dim coker(resi) > dim^C~°°{A,V{ax,ip)) > d . 
Changing the roles oi{a,(p) and {d,p) we obtain d = (i = dim'"C~°°(A, ^((7^, 9?)), i.e., 

^C-^{A,V\ax,p))=Ei{ax,ip) . (41) 
Moreover, we conclude equality in (^), hence in (^9|). This together with ( pl|) implies 

'^C-''{dX,V\ax,p)) = E\ax,p) ■ 
Let us assume in addition that 

^C-^{dX,V^-\ax,p)) = E^-\ax,p) , 

and let / e ^C-'^idX^V^iax.p)). Then we can choose V e (7-'^(S, F+(o-a, (/?)) such that 
^r(/) = ext[l\{QB{'4'))- This implies £>r(/ — ej;t[Z](^/^)) = 0. Thus 

/-exi[/](V^) ErC7~-(aX,yn^A,V')) =^'(^A,V') • 
Hence / G E^{ax, p)- The proposition now follows by induction. □ 



Now it is easy to derive the following 
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Proposition 4.12 For any pair (cr, A) the sequence of inclusions 

(A, V\a^, v')) C . . . C rC--(A, V\a^, ^)) C (A, V^^\ax, V')) C. . . 

stabilizes at some k =: k^{a\,Lp), and ^C~'^{k,V^{a\,ip)) = ^C~°°(A, (cjA) V?)) is finite- 
dimensional. 



Proof. We can assume that a is irreducible. Then there exist finite-dimensional G-represen- 
tations tt^^^ satisfying ( p6| ) and having arbitrary large highest weight > 0. We choose one 



such that Re(A) + // > 0. By Lemma 4.S the pair (1, A + /i) is not special. The embedding 



(26) can be continued to the extended bundles. We obtain by Proposition [4.11 



W f C'-°°(A, V+{a^, if))) C rc-~(A, y+(lA+^, V ® vr,,^)) = (1a+m, ^ ® ^t^.m) • 
The proposition now follows since the space on the right hand side is finite-dimensional by 



Lemma 4.5. □ 



The assertion of Proposition 4.11 also holds for all pairs (cr, A) which are not very special. 
In order to prove this we first make a couple of observations which are interesting in their own 
right. 

Corollary 4.13 For fixed a and ip the set {A G | '"C~°°(A, V^{a\, ip)) / {0}} is a discrete 
subset of the half-plane {A G | Re(A) < (5r + 6^}. 

Proof. By Proposition [4.11| we have 

{A G ttc I ^C~°°{A, V^{ax, if)) 7^ 0} C {A G Oc I ext^ has a pole at /i = A or {a, A) is special} . 
By the meromorphy of ext^ the set on the right hand side is discrete. 

If / G ^C~^iA,V''iax,^WC-^{A,V''-\ax,v^)), then e'r'^f e ^C-^{A,V{ax,v^))\{0}. 
Hence ^C'^iA, V+{ax, (f)) + {0} if and only if ^^-^(A, F(cta, ^)) / {0}. Thus by Corollary 



y we have {A G a£ | ^C'^^A, y+(cJA, 99)) / 0} C {A G a£ | Re(A) < 5r + ^^'\. This finishes 



the proof of the corollary. □ 



Corollary 4.14 For f^ G ^ M.\C '^{dX, V{a,,ip)) we have ext^ o res{ffj) = ff^ 



Proof. We consider := ext^ o res{ffj) — ffj_. By (|25D we have res{hfj_) = 0. Hence is a F- 
invariant family which is supported on the limit set. Corollary 4.13| now implies that = 0. □ 



We can now give an alternative description of the space E~^{a\, (p). 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



Corollary 4.15 E+{ax,(p) = ev {^MxC~^{dX,V{a,,^p))) 



Proof. Let / G E^{ax,^p). Then by definition of exi[Z], I > k-{ax,ip), and E^{ax,f) 
there exists a family /i^ G A4xC~'^{B,VB{o',,ip)) such that / = ev{ext^{L!'yh^)). This shows 
E^{ax,^) C evi^M.xC^'^{dX,V{cj,Lp))^. The opposite inclusion follows from Corollary [4.14 . 
Indeed, let E ^ MxC-^{dX,V{a,,^)) and /i^ e MxC-^{B,VB{(y.,^)) such that L'^^/i^ = 
res{f^). Then 

ev(//i) = ev{extfj, o res{f^)) = ev{ext^{L\h^)) = ext[l]{ev{h^)) G £;+(aA,<^) • 

□ 



Proposition 4.16 If {a,X) is not very special, then the assertions of Proposition ^.11 hold 
true. 



Proof. By Proposition |4.11| we can assume that (o", A) is special, but not very special. This 
in particular implies that Re(A) < 0, hence Jfj^x is regular, and A I^*". By Lemma [4.6| the 
principal series representations C'°^{dX, V{(t'^)) are irreducible for each of the (at most two) 
irreducible components a' of a and /i in a small neighbourhood of A. Thus the intertwining 
operators Jq-,^ are regular and bijective for /i near A, hence induce isomorphisms 



J : MxC-^' 



'{dX,V{a.,^)) 
J:OxC-^{dX,V{a.,ip)) 
J+:^C-^{dX,V^{ax.^)) 



M-xC-''{dX,V{a.,^)) 
0^xC-^{dX,V{a.,v)) , 
^C-^{dX,V+{<j^x,v)) 



satisfying J+ o ef = —ev o J. Now —A 1^, thus {a, —A) is not special. We conclude from 
Proposition and Corollary 4.15 that 



J+{^C-^{dX,V+{ax,^))) = ^C'^{dX,V+{a-x,V>)) = E+{a-x,v) 

= ev[j{MxC-^{dX,V{a.,^)))) 

= .J+{ev{MxC-^{dX,V{a.,^)))) 
= J+{E+{<Jx,ip)) . 

We obtain ^ C~'^ [dX^V^ {ax,^)) = -E"^ (cta , 9?) ■ This proves the proposition. 



□ 



We now use Proposition ^.ll| and Corollaries |4.14| and [4.15| in order to generalize Propo- 
sition |4.1| to the extended bundles. We introduce a pairing between C"^(S, V|(cta, </?)) and 
C~^{B,V^{d_x,^)) by 



{ev{f^),ev{g^))k ■= reSz=o{f\+za, {L-x9)-x~za) , 
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ff, G M'lC'^{B,VBia,,ip)), Qu G MtxC~'^{B,VB{cf.,ip)). It is easily checked that this pairing 
is well-defined and non-degenerate. Since 

resn o 4^ : MxC'^iA, V{a.,ip)) ^ M^x^^iQ, VB{a.,ip)) 

maps germs of holomorphic families to germs of holomorphic families (see the remark following 
Proposition 4.1) it induces as in Proposition 4.16| an operator 



(resn o J)+ : C-'^(A, V+iax, ^)) ^ C^i^, V+{a^x, 

and thus an operator 

(res o J)+ : ^C"^iA, V+iax, if)) - C^iB, V+ia^x, ^)) ■ 

Note that we have to use families G M.xC~^{A,V{a,,(p)) which cannot be P-invariant 
(see Corollary 4.13| ) in order to define {res o J)^.. However, if is regular at = A, then 



(res o J)_|_ = res o J_|_. 

Proposition 4.17 If f £ '"C~°°(A, F+((Ta, y?)) and k is such that 

(resoJ)+(/)GC-(B,y^(a_A,¥')) , 

then 

((reso J)+(/),res((/.))fc = 

for all cj) G ^C-'^idX, V'^iax, ^)). 

Proof. First we derive a formula for {res o J)_(_(/) assuming that / G £'^(crA,95). Let Dx be 
the residue of at fj, = A. It is a differential operator and thus induces a differential operator 

: C-(i?,yB(cTA,^)) - C-^{B,VBia^x,V>)) C (i3, F+(a_A, ^)) . 

Choose G OAC^'^(i?, VB(cr., such that / = ev{ext^f^). We claim that 

{res o J)+(/) = D^fx - ev{S^f^) . (42) 

Let G A4aC~'^(A, y((T,, ip)) such that ev{f^) = f = ev{ext^f^)., in other words 

/M-exV^GOAC-"(A,y(cT.,(^)) . 

Using that has a pole of at most first order at = A we compute 

ev{res o J^{f^ - ext^f^)) = res o Dx{f^, - ext^f^)\^=x = --Cf fx ■ 

Now we derive (H2|) as follows 



(resoJ)+(/) = -ev{reso J^{f^ 

I)f /a - ev{S^f^) . 



Dx fx - ev{res o J^{ext^f^)) 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



As in the proof of Proposition [4.12| we consider an embedding 

fi such that Re(A) +//> (if cr is the sum of two irreducible Weyl-conjugate representations, 
then also n^^^fj^ is the sum of two irreducible G-representations having the same highest o- weight 
/x). There is a corresponding embedding on the dual side 

Now standard identities for intertwining operators imply (see the proof of Proposition 6.5 in 



H, p. 116) 

{{res o J) + {f),res{cl)))k = {{res o J)+ o i^^^{f),res o i^^^{(l)))k ■ 

Therefore it is enough to prove the proposition for non-special pairs like (1, A + fi). We can 
thus assume / G Ej^ {ax ,ip), (j) & E^ {ax , 'p) ■ 

Since E^{ax, is finite-dimensional we can choose G OxC'^{B, Vb((7. , ip)). Then fx 
and ev{Sf^f^) are analytic sections. Write (p = ev{extfj,ip^) for some ip^ £ M.xC~^ {B Vb((T., (^)). 
Using the adjointness relation (22) for the scattering matrix we obtain 

{ev{S^f^),res{4>))k = 'oeSz=o{Sx-za{fx-za),{L'li^)x--za) 

= '^eSz=o{fx-za,Sx~za{Lii^)x~za) 

= res^=o(/A-2Q, res o Jx-za{L\ o ext{'4)))x-za) 

Since (p G E^{ax,<-p) all families appearing in the last line except Jx-za are regular at z = 0. 
We obtain 

{ev{S^f^),res{(t)))k = {f\,res o Dxo q^-^{4>)) 
= {fx,D^ogl-\res{m 
= {D^ fx, Q'fHres{m ■ 
Moreover, for any / G C'^{B,V^{a_x,^)), 9 G C-'^{B,V^{ax,'p)) we have 

{f,9)k = {f,g'h-H9)) ■ 

We conclude that 

{ev{Sf,ff,),res{4>))k = {Dx fx,res{(j)))k ■ 
This together with (|4^) implies the proposition. □ 



There is a characterization of E~^{ax, <p>) which is slightly weaker than Corollary 4.15| (but 
strong enough to imply Propositions 4.16| and 4.17 , too). Recall the definition of k+{ax,'p) 
from Proposition 4.12| . 



Lemma 4.18 For any k > kj^{ax,^) one has 

E+{ax,^) =imQ^ . 
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Proof. It follows from ( |35|) and the surjectivity of that E'^{ax, (/?) C imgf. for any k gNq. 
We have to show that for k > 

img'^CE+{ax,v) . (43) 

Let / = g^if) for some / G ^C-'^{dX, V+{ax, (/?))• Let / > and choose ip G ^"^(5, V+{ax, ^)) 
such that g''^{tp) = res{f). Using (U) we compute 

res{f - ext[im) = g'^W - g'^W = . 

Hence / — ext[l]{ip) is supported on the limit set. It is therefore contained in the kernel of g^. 
Thus by (||) 

/ = Qrif) = 0r{ext[im) = exi[/](£.|(V)) G E+{ax,^) • 



This shows (43), and hence the lemma. □ 



For X = Mff" we will see in Section |^ (see also Corollary 5.4) that im^^p = im£»r for all 



A; G N, hence E~^{ax, '■p) = im^r- It seems to be likely that this holds in general. 

For the rest of this section we assume that Re(A) > and that ip is unitary, which in par- 
ticular implies 6ip = 0. In this case much more information on the spaces ^C~°°(A, V^{ax, p)) 
is available. We recall the following definition from Chapter 7. 



Definition 4.19 For Re(A) > w;e define the space of "stable" invariant distributions sup- 
ported on the limit set as 

UA{ax, ^) ■■= {/ G ^C--(A, V{ax, ^)) | res o X^x{f) = 0} . 



By Lemma 4.9 the space U\{ax,f) can be nontrivial only if A G /o- '~. For irreducible 
a and Re(A) > we denote by I'^'^ the underlying {q, K)-module of the unique irreducible 
submodule /^'^ of the principal series representation C~°°{dX, V{ax))- We now restate some 



of the results of |21|. 



Proposition 4.20 We have 

^C-^{A,V{ax,p)) = Ei{ax,v)®UA{ax,ip) , (44) 
E+{ax,v) = Ei{ax,v) . (45) 

If^C~°°{A,V~^{ax,^)) is nonzero, then A G [0,(5r] C o* and, /or Re(A) > and a irreducible, 
the {q, K)-module I"'^ is unitarizable. The latter condition implies Pai'^) = 0. 



Proof. Since ^C-^{K,V+{ax,p)) i- {0} if and only if ^ C-'^^k.V {ox,p)) + {0} (see the 
proof of Corollary |4.13| ) the proposition is a combination of a part of the statements of Lemma 
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7.2, Propositions 7.3, 7.4, 7.6, and Proposition 9.2 in [21]. □ 

For Re(A) > we can show in addition 
Proposition 4.21 Let a be irreducible and Re(A) > 0. Then 

1. (A, V+{a^, ^)) = ^^-^(A, V{ax, ^)) C ^(1!'^ V^). 

2. IfC^{dX,V{ax)) is reducible, then 

^C-'^iA, Viax, if)) = Ua{ctx, if) . (46) 
In particular, ext is regular at all X > 0, X £ I^. 

Proof. Let I"^^ be the closure of I^^'^, in C~'^{dX,V{ax)). We claim that I"^^ is the only 
nonzero irreducible G-submodule of C~^{dX, V~^{a\)). For this we consider the action of the 
shifted Casimir operator il,x ■= ^ - Xcr,x{^) ^ ^id)- has Xfj-a+Pm-fii^) = (A')^) - l/'P + 
\l^c7 + PmP ~ |PmP- Thus Qx acts on M.xC^^{dX,V{a )) as multiplication by (/i,/u) — (A, A), 
i.e. as 2{X,a)Lx + \a\'^Ll. We conclude from (|D that Qx acts on C-'^{dX,V+{ax)) by 

2{X,a)0+\a\'^0^ . (47) 



Let / G C-'^{dX,V''{ax)) \ C~'^idX,V''-^{ax)) for some A: > 1. Then by (|^ the ele- 
ment n'l'^f belongs to C-^{dX,V^{ax)) \ {0}. It follows that any nonzero submodule 
/ C C^^{dX,V^{ax)) has nonzero intersection with C~^{dX,V^{ax))- This implies the 
claim. 

We can now argue as in the proof of Proposition 9.4. Let W be the dual representation 
of C-^{dX, V''{ax)) (it is isomorphic to C^{dX, V''{a^x)))- Let L C G be a compact set such 
that gP €Q for all g £ L, f £ ^C~°°(A, V''{ax, V?)) and £W. Then Lemma |]5 provides a 
constant C such that for all a £ 

\cf,^{gak)\<C{a{loga))''-'a-'^>^+P^ . 

This implies that c/^. induces an intertwining operator from W to the unitary G-representation 

L2(r\G, ip):={f:G^V^\ f{gx) = ^{g)f{x) V5 € F, x € G, / \f{x)\^ < 00} . 

Jt\g 

By unitarity the image of cj^. decomposes into a direct sum of irreducible representations. But 
by the above W has the unique irreducible quotient W/{I'^^)-^. Thus c/^. factorizes over this 
quotient, and hence / £ ^{I'^^ ®V^p)- This finishes the proof of assertion 1. 



The equality (46) for reducible principal series representations follows from Assertion 1 and 
Lemma 4.1C1| . Principal series representations with regular integral infinitesimal character and 
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Pu{0) = are reducible by Lemma 4^. If PaiO) 7^ 0, then ( pq) remains true by the vanishing 
result ^C~°°{A,V{a\,(p)) = {0} of Proposition 4.20| . The regularity of extx at these points 
now follows from This finishes the proof of the proposition. □ 



One knows that 5r < p, where equality holds iff = 0. By the theory of the Patterson- 
Sullivan measure one always has 

dimrc-~(A,F(l5,)) = l . (48) 



If 6t > 0, this together with Proposition 4.2[1| implies that /^'^r jg unitarizable. For X = MH^' 



n > 2, and X = OH'^ this gives nontrivial restrictions on the possible values of 5r, an 



observation first made by Corlette [26|: If i7 7^ 0, then 6r < p — (3, where j3 := 2a for 
X = Hi?" and /3 := 6a for X = OH'^. Using now Proposition 4.21 we are able to sharpen this 
result. 



Corollary 4.22 Let T C G be a convex cocompact non-cocompact discrete subgroup, where 
G = Sp{l,n), Sp{l,n)/Z2 or F^^^ , then 5r<p-P. 



Proof. In any case, p — /3 is the end of the spherical complementary series of G, hence 
G-'^{dX,V{lp-f})) is reducible. This result goes back to Kostant ||] (see also |6|, Ch. VI, 



Thm. 3.6). Proposition pl2ll , 2 now says that ^C-°°{A,V{lp^/3)) = C/a(1p-;3, 1), whereas 



Ua{Ip-p, 1) = {0} by Lemma |!|, 4, and Lemma |!9[ It follows from (||) that 6r p - P. 
Note that we have not used the meromorphy of extx in the above argument, thus it also works 
for the case X = OH'^. □ 



It remains to discuss the point A = 0. 

Proposition 4.23 We have 

^C-^{A,V^{ao,^)) = rC~°°(A,y(ao,(^)) , (49) 

rC-(A,y(ao,^)) = 15^^°'^^ ^'^STo • (50) 



In particular, if PaiO) / 0, then E^{aQ, if) = {0}. For X = RH"' we have in addition 

^C~^{A, V+{ao, ^)) = UAiao, ^) = {0} (51) 
whenever a is a faithful representation of Spin{n — 1). 



Proof. It was shown in |21], Prop. 7.4, that ext\ is regular at A = 0, whenever Po-(O) 7^ 0. If 
Pg.(0) = 0, then the explicit expression ( p7[ ) for implies that I^*". It follows that in this 
case UA{aQ^if) = {0}. Equation (|50| ) is now a consequence of (U). For Po-(O) = Equation 
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4 INVARIANT DISTRIBUTIONS ON THE LIMIT SET 



(pS|) follows from (p5|). The vanishing statement (51) follows from the observation that in the 
case in question Po-(O) ^ and ^ I^'". 



It remains to prove ( |49D for Po-(O) 7^ 0. Fix A: > 1, and let W be the dual representation of 
C~'^{dX, V^{ao)) (it is isomorphic to C^idX, V''{ao))). As in the proof of Proposition |42ll it 
is sufficient to show the following two assertions 

(i) Let / S ^C~°°{A,V''{ao,ip)), (j) E W. Then the matrix coefficient cj^^ is square inte- 
grable. 

(ii) All irreducible G-submodules of C-'^{dX,V''{ao)) are contained in C-'^{dX,V{(7o)). 



Let L C G be a compact set such that gP € Q for all g £ L, f £ °°(A, V''{ao, ip)) and 
G W. Let Jfc be the restriction of J+ (see the proof of Proposition pB] ) to C""^ (^X, V'' (ctq , (^) ) . 



As in 1 21], Lemma 6.2, (compare also (|14|)) one shows that for a — > 00 

c/,^((7aA:) = ((4/)(5a), + 0{a-P'') . (52) 
Since P5-(0) = PaiO) 7^ 0, the family extx is regular at A = 0, and the restriction map 
res : ^C-^idX,V\ao,^)) ^ C-^iB,V^{ao,^)) 



is surjective. Thus Proposition 4.17 yields res o Jk{f) = 0. Now (|5^ ) implies Assertion (i). 



The G-representation Y := C~^{dX,V{ao)) decomposes into a direct sum of (two) ir- 
reducible representations. Any irreducible composition factor of Y'^ := C~^{dX,V^{ao)) is 
isomorphic to one of these. Thus any irreducible submodule of Y'' is the image of an intertwin- 
ing operator / e }iomG{Y,Y'') ^ Homg,ii-(Yft-, y^) ^ HomMA(^E'/nYK, O n'^)- Here the 
subscript K stands for the underlying (g, i(')-module. The latter isomorphism is Casselman's 
Probenius reciprocity ([^, 4.2.2). For / G Yk, 4> G Wk the matrix coefficients cj^^ satisfy for 
a ^ 00 

CfAo) = Pf^^a-f + 0{a-P~') , 
where pj^,^ is a constant not depending on a (see e.g. [^T[, Lemma 9.1 and Lemma 6.2). The 



main theorem in |35| identifies the generalized p-eigenspace of a in Yk/x\Yk with the collection 
of functionals pj^. on Wk- It follows that a acts on it by scalars. This implies that the image 
of I^ is contained in V^j^ C V^j^ ® H^, where I^ G YiovuM a(Xk / , Vap ® corresponds to 
I by Probenius reciprocity. Therefore the image of I is contained in Y . Assertion (ii) follows. □ 



We conclude this section by making the results of the preceding three propositions more 
explicit for the case X = MH'^. If o" G M is a faithful representation of Spin{n — 1), then 
none of the (g, -fC)-modules I*^'^, Re(A) > 0, is unitarizable (@, Proposition 53). If cr G M 
factorizes over SO{n — 1), then in standard coordinates of it* it has highest weight 
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where 



mi > m2 > • • • > mn-2 > 



n even 



mi > 771,2 > • • • > mn-i 



> \m7i-i 



n odd . 



2 



Set 



Ao- := p — (max{« | m^ ^ 0})a G [0, p] Pi . 



This maximum is understood to be zero for /Xg- = 0. Then C^{dX,V {a\)), Re(A) > 0, is 
irreducible and unitarizable if and only if < A < The representations C°°{dX,V {a\)) 
with A belonging to this interval are called representations of the complementary series. The 
only additional unitarizable Langlands submodule is I"'^" ^ if Ao- > (^], Propositions 45, 
49, 50). Thus we obtain 

Proposition 4.24 Let X = RH^, Re(A) > 0, a irreducible, and f be unitary. If a is a 
faithful representation of Spin{n — 1), then 



(0"A,¥')) 



{0} . 



If a factorizes over SO{n — 1), then 




{0} 



< A < A^, X<6r 
else 
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5 COHOMOLOGY OF REAL HYPERBOLIC MANIFOLDS 



5 Cohomology of real hyperbolic manifolds 

We retain the notation and assumptions of the previous two sections. In addition, we assume 
that X = MiJ", in particular Y = T\X is a hyperbolic manifold of infinite volume and without 
cusps. 

Any finite-dimensional representation (p ofT defines a flat vector bundle E{ip) := T\{X x 
V^p) over Y. Here T acts diagonally on X x V^. Using the results of Section |2| we want to 
relate the cohomology groups HP{Y, E{ip)) with spaces of invariant distributions on the limit 
set studied in the previous section. Since X is contractible H^{Y,E{ip)) is isomorphic to the 
group cohomology HP{V^V^p) of T with coefficients in V^p. The latter can be defined as the 
p-th right derived functor of the left exact functor Vip ^^V^p from the category of F-modules 
to the category of abelian groups. 

We have T <Z G, where G is 50(1, n)o or its double cover Spin{l,n). Therefore we 
have maps K SO{n), M SO{n — 1), which are either isomorphisms or double covers. 
Let g = 6 © p be the Cartan decomposition. There is a natural action of K on (it is 
equivalent to the standard representation of SO{n)). Note that a C p. Let O"*- C pQ be its 
annihilator. We have representations 7^ of K on V^p := APp^ and of M on Va-p := A^a-*-. The 
embedding T : a-*- induces M-equivariant embeddings Tp := A^T S HomA/ (Vo-p, Kyp), 

p = 0, 1, . . . , n — 1. As G- homogeneous vector bundles we have 

APT^X = GxkV^p, APT^idX) = F^^^J . 

Thus as G-representations nP{X) = C°°{G, V^p)^ , nP{dX) = C°^{dX, T/(a^_p„)), nP_^{dX) = 
C~'^((9X, V{a-^_p^)). Here QF_^{dX) denotes the space of p-hyperforms on dX, i.e., differential 
forms with hyperfunction coefficients. In addition, we are interested in the F-module 

n^_^{A) = C~^{A,V{a^p_p^)) 

of currents supported on the limit set. 

Let r be a finite-dimensional representation of P = MAN, T € HouiMiVr, V-yp). Then one 
defines a G-equivariant map, called Poisson transform, 

: C-'^{dX,V{T)) ^ C°°{G, V-yp)^ = np{x) 

by 

Prfig) ■■= ! l^{k)Tf{gk) dk G V^P . (53) 
Jk 

The integral is a formal notation meaning that the hyperfunction ^p[.)T f[g.) on K has to be 
applied to the constant function 1. 

For p€ {0,1,. ..,71— 1} and A € we first consider the following Poisson transforms 

Pp,x := ■■ G-(ax,y((7A)) ^ n%x) . 
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Pp^x coincides with the Poisson transform PyJ" considered in |21|. Moreover, for z G C we have 
Pp.za = , where <^>p is the transform introduced and investigated in detail by Gaillard 



in g. 



We choose a G-invariant Riemannian metric on X. It is unique up to a constant factor. 
We will remember this factor by the induced length of a G o* C p* = T*j^X. The metric 
of constant sectional curvature —1 corresponds to \a\ = 1. The Riemannian metric induces 
p-form Laplacians A. 

We say that a differential form h G C°°(G, Kyp)^ = ^W{X) has moderate growth if there 
are constants C, d G a* such that for all G G 

\h{g)\<Ca1. 

Let n^g{X) C QP{X) be the subspace of forms having moderate growth. We can now sum- 



marize the main results of [30| by the following theorem. Compare also the discussion in 



Theorem 5.1 (Gaillard |30|) The Poisson transforms Pp^x define equivariant mappings be- 
tween the following G -representations 

Pp,x ■■ C-'^idX, V{al)) -^{iue nP{X) I Auj = {{p -pa,p- pa) - (A, A))^;, 5lo = 0} , (54) 
Pp,x ■■ C-^{dX, V{al)) ^ G n%{X) I Ao; = {{p -pa,p- pa) - (A, X))u;, 6u; = 0} . (55) 



^54 ) and (j5^ are isomorphisms if and only if X ^ {—p + pa} U —p — Na. In particular, if 
p / then 

Pp,p.pa : np_jdx) ^ np{x)A,5 

is an isomorphism (see Section ^ for notation). Moreover, 

(n - 1 - p)dPp^p-pa = (n - 1 - 2p)Pp+i_p_(p+i)c,d , p<n-2 , (56) 

dPn^,,^pf = {f /)(l-n)^, (57) 
Jdx lar 

P „ n — 1 , ^ 

■ " P= , (58) 



p+i,p-(p+i)q" — rn" * ^p,p~pa'^ ? 



where volx denotes the volume form of X = Mif" with respect to the chosen normalization of 
the G-invariant metric and * denotes the Hodge star operator on X and dX, respectively. 



Note that the star operator on X depends on the invariant metric on X, while the star 
operator on dX in the middle dimension is conformally invariant. 

Tensoring with Vip and restricting to T-invariants Pp^p-pa ^ idy^ induces a map 
Pp,p.pa : ^(f^^.(5X) V^) ^ nP{Y, E{^))^ ; , 
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5 COHOMOLOGY OF REAL HYPERBOLIC MANIFOLDS 



which is an isomorphism for p Taking (|5^ and (^) into account (note that volx 

spans the one-dimensional space r2"'(X)A,5) we see that in the case of even dimension suitably 
normalized Poisson transforms provide an isomorphism between the complexes 

(59) 

and (ri*(y, E{ip))^ g, d). It now follows from Theorem that (|59|) computes the cohomology 
groups H^{Y, E{ip)). Note, however, that for non-cocompact F all spaces appearing in (|5^ 
except ^V^ are infinite-dimensional (|^l[, Corollary 9.7). In order to get something finite- 
dimensional we want to reduce things to currents supported on the limit set using the operators 



extx- Such a reduction process is not compatible with ( p9D (see, however. Subsection 7.2 
for the relation the subcomplex of ( |59|) consisting of currents supported on the limit set to 
cohomology with compact support). We will therefore use the description of cohomology given 
in Proposition |2.8| instead of the one given in Theorem To do this have to describe the 
spaces ZP{Y, E{{p))^^-^ as images of suitably defined Poisson transforms. 

For odd n we first need a bijective transform into harmonic forms also for p = There 
is a decomposition (T~2~ = (T+©cj~ into the ibz(— i)~2~-eigenspaces of the star operator . Then 

C-'^{dX,V{a^)) = ntjdX) := {cv G (dX) \ *uj = ±i{-i)'^uj} . 

Let i : a — > be the corresponding embedding and T = T^~i G HomM (V^, V n-i ). 
Set ^ 

P± \ := P ± = Pn~l , 



Corollary 5.2 We have 

P±x-C-^{dX,V{at))^{oJ^^—{X)\ *du = ±i{-i) — {\-f-)uj,5oj = Q], (60) 

\a\ 

P±,A:C-~(5X,y(a^))^{a;GJ7„| (X)| * da; = ±z(-i) — (A, 5a; = 0} . (61) 



(6L ) and (61 ) are isomorphisms for A —p — Na. In particular, 

P±,o ■■ ^t^{dX) ^ ker d n ker 6 C {X) 

is an isomorphism. 



Proof. One can identify V^p = A^nJ, X = NA, and, using A^A-invariant forms, 0,p(X) = 
C°°{NA) (g) AP(o£ e ny. Let oOp e A^n^, and 6^;^ G C-'^{dX,V{al)) be the corresponding 
delta distribution at eM G K/M = dX. Then Pp,x6^j,{na) = a^^Pujp, and one easily computes 

*d{a^^''ujp) = {\ + p-pa, T^)a^+'' ujp . 
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Since the delta distributions at eM with values in V^± generate the G-representation 
C-'^idX^Viaf)) it fohows that the image of P±,\ is contained in the eigenspace appear- 

J 1 o n(n — 1) -l 

ing in (|60|). In addition, since = (— 1) 2 5d we see that for p = A / the right 

hand side of (|53) is the direct sum of the two eigenspaces appearing in (|60[). Thus for A 7^ 



the corollary is a direct consequence of Theorem p.l 



For the case A = we observe that the Hodge decomposition VL~^ {dX) = im d © im * d 
implies that d : C^^{dX,V{a^)) kerL>n+i C ^l^{dX) is bijective, where Dn+i = d for 
n > 3 and Dn+i = Jq-^ for n = 3. By Theorem ^ including ( |5^ ) and ( ^7[ ) the Poisson 

transform P^^-^-a provides an isomorphism between keiDn+i and ker tinker 5 C il~2~(X). 
Now (^) shows that P±fi is an isomorphism. □ 



Now we want to extend the Poisson transforms to the larger bundles V^{a'^ and V^{(j^^. 
Since we are only interested in forms annihilated by a power of the Laplacian we restrict 
ourselves to the case A = p—pa. S HoniMiVf^n-p, V.yp). We define g : 11 ^ C 

by n 9 /i I— > h{0). Note that q is not A-equivariant with respect to the representation 1+. 
However, it gives rise to an elements 5^ := S'p (8> g G HouiMiV^n-p (8> H*^, Vyp), and hence to a 
Poisson transforms 

P+:C--{dX,V+{al-_\.)) - n^{X), p = l,...,n. 



Observe that P^ = *Pn-p,(p-i)a-p- More generally, using q o ev{ff,) = veSz=of{p-i+z)a-p, 
U G VW(p-i)a-pC7— (ax,y(c7"-f)), we see that 

Pp ° ev{f^) = reS^=o * {Pn-p,{p-^l+z)a-pf{p-l+z)a-p) ■ (62) 

An analogous construction provides Poisson transforms P^, P^, 

p+ : c--(ax,y+(4) ^ n'^ix) , 

characterized by 

P^ o ev{f^) = res,=o * {P±,zafza) , U G MoC-'^idX, V{a^)) (63) 

We now have 



Proposition 5.3 The Poisson transforms Pp , Pp , p 7^ P±, P±, provide G-equivariant 
isomorphisms 

P^ : C-idX, V\cTl-_\)a-p)) ^ V e nP{X) I A'^u; = 0, = 0} , 

P| : C-'^{dX,V^{a^)) ^ {oj en'^{X)\{d*)''uj = 0,duj = 0} , 
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and 



satisfying 



(A) 



i(A) 



AoP+ 



\a\'^Pp o go{{n + l- 2p)id - g) , 

n — 3 I ' _(_ 

±i{—i) 2 |a|P^ o g . 



(64) 
(65) 
(66) 



The corresponding statements for distribution sections on the boundary and forms of moderate 
growth on X are also true. 



Proof. Using (^), (p4|), and (33) we compute 

dPjj' O ev{f^) = reS^=o d * iPn^p,(p-l+z)a-pf{p^l+z)a-p) 

= reS2=o * ^{Pn-p,{p-l+z)a-pf{p-l+z)a-p) 

= 0, 

APp+ o ev{f^) = TeSz=0 A * iPn-p,{p-l+z)a-pf{p-l+z)a-p) 

= reSj;=0 * ^iPn-p,{p-l+z)a~pf{p-l+z)a-p) 

= |a|^res2=o z{n + I - 2p - z) * P„_p^(p_i+^ 

= H'^Pp °evo L(p_i)„_p((n + 1 - 2p)id - i(p_i)a_p)(^) 



)a-pf (: 



p— l+2)a— p 



= Pp+ o \afg{{n + 1 - 2p)id - g) o et;(/^) . 

This shows (U) and that imP^ consists of closed forms. The desired mapping properties of 
Pp and Pp*" now follow from Theorem 5.1 by induction on k. ( |6^ ) and the further mapping 
properties of P^. and P^ are proved in an analogous way using (|63|) and Corollary |5]^. □ 



Tensoring with and restricting to F-invariants we obtain 



Corollary 5.4 The Poisson transforms P^ , P^, induce isomorph 



isms 



and 



p;:^c--(ax,y+(aJ-V^,^)) 

P+:rC7-(9X,y+(4,^)) 



C--{dX,V^{al;\^^_^,^)) linger 
^C-^{dX,V+{a^,ip))/\xner 



Z^{Y,E{^)) 



(A) 



Z—{Y,E{^)) 



(A) 



]5 / 



n + 1 



H-^iY^Ei^)) , p^ 

i/— (y,ii;(v9)) . 



n + 1 



(67) 
(68) 
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In all cases under consideration we have for all k 

imgr = img^ = E+{a-,ip) . (69) 

Moreover, the maps 

^C-^{dX,V{atv))^^C-'^{dX,V+{a^,^))/E+{a^,^)^H'^{Y,E{^)) 

and 



where ^{^p) C C ^{dX,V{a^^J'^-^^_^,ip)) denotes the space of {n — p)-cocycles in (5^), are 
surjective. 



Proof. The first two isomorphisms are a direct consequence of Proposition |5^. (67[), ( |68D and the 



first equation in (|69| ) foHow from Proposition 2^ and Equations (|64| ) and (|66). Indeed, if p 7^ 



^^y^, then the map (n + 1 — 2p) id — gr is invertible. Hence in this case A'^ yZP(Y, E{ip))^^-^ 
inig^. For p = ^ we have im^^ ^ {d*f [z'p{Y,E[^))^^^^ . Since d* (^ZP{Y,E{ip))^^.^ 



consists of exact forms Proposition 2.8 implies 

d* {zp{Y,E{^))^^^) c A = (z^(y,ii;M)(^)) 

Now equality follows. 



The second equation in (39) is a consequence of Lemma 4.18 



The surjectivity assertions rely on the fact that any cohomology class has a closed and 

+] 
2 



coclosed representative (see (pi)). Indeed, by the above discussion of (|59|) we have for p ^ 



PI : Z"-P(v9) ^ kerdnker J C nP{Y,E{ip)) , 

while maps '^C-'^((9X, F(cr^, 99)) bijectively to ker tinker 5 C Q.^ {Y, E{if)). The proof 
of the corollary is now complete. □ 



Recall the definitions of the integers < k-{a\,(p) < kj^{a\,(p) < 00 and of the space 
Ej^{a\, tp) from Section ^. It was shown there that 

and that these spaces are finite-dimensional. We will also need the space 

zli^) := zp{^)n{nP_^iA)^v^) 



of such cocycles of ( |5^ ) which are supported on the limit set. Now we can state the first main 
theorem of the paper. 
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Theorem 5.5 The Poisson transforms P^ , P^ induce isomorphisms 

H^{Y,E{^)) - ^C-^{KV+{al;\^^_^,^))/El{a'l;]'^^^^^,^) , ^ = 1, p ^ 

H'^iY^Ei^)) - (A,y+(4,vp))/ii;+(4,(^) . 

Moreover, we have 

If (f is unitary and p > then k-{a^^^^^^_^, ip)) = and 



Proof. The theorem wih be a consequence of Corollary p.% The assertion concerning unitary 
ip will then follow from Proposition 4.24. In the following one should replace n — p by it, if 
p = ^^y^. First of all it is clear that the natural map 



is injective. In view of (1671), (|68D and (|69|) it is therefore sufficient to show that the natural 
map 

is surjective. 

The last assertion of Corollary tells us that any element in the quotient 
can be represented by an element / G ^ C"'^ {dX,V {a^^]'^-^^_^,ip)). Choose 
such that 

Then f :=f - ext[A:_](V') G ^C-°°(A, V?)). Moreover, 

= / -odi?"'(%-Vp'^)- 
This proves the desired surjectivity, and hence the theorem. □ 
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For p > '^^-^ and trivial ip the theorem is a fairly direct consequence of the results of 
Mazzeo/Phillips |5^ concerning the L^-cohomology of Y. This was already noted by Patterson 
p^ ] and was also observed by Lott [^8|. Indeed, this observation, among other things, led 
Patterson [^] to his general conjecture (^) relating the cohomology groups HP{T,F), where 
F is a finite-dimensional representation of G, to invariant distributions on the limit set. This 
conjecture will be treated on the base of Theorem 5^ in Section ^ There we will also see 
that the isomorphism H^{Y,E{tp)) = Z^~^{ip) holds for p = ^, too. L^-cohomology will be 
discussed in Section U. 



It would be more natural not to exclude the case of cocompact T from the considerations. 
Recall that in this case A = dX. In fact, for unitary ip the analog of Theorem 5.5 is a simple 



consequence of Theorem 5.1 and classical Hodge theory as has been already observed in 



For nonunitary ip the assertion will be less precise since Proposition 2.8 does not hold in this 
case. However, combining Proposition 23 with Proposition 5^ and using classical Hodge 
theory for unitary p we obtain 



Proposition 5.6 There are integers k^{a^^J'^-^^_^,ip), k^{a^,ip) such that 

^C— (A,y+(4,(^)) = ^C~°^{A,V'^^{a^,p)) 

as in the noncocompact case. These spaces are finite- dimensional, and the Poisson transforms 
Pp , P^ induce surjections 

^C-^{A,V+{alZ)a_^,^)) - HnY,E{p)) , ^C-^{A,V+{ai,p)) - H'^iY,E{ip)) . 

If tp is unitary, then Theorem \5. ^ holds with the convention E^{a',ip) = {0}, k-{a',p) = 0. 
Moreover, in this case we have for all p 

HP{Y,Eiip))^Zl-^{p)^Zliip) . 
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6 Finite-dimensional C-representations as coefficients 



In this section we continue the investigation of the cohomology groups HP(r, V^) = H^iY, -^(V')) 
for discrete subgroups F acting convex cocompactly on X = M.H^. We want to understand 
more precisely the situation that the F-representation ip has the form ip = 7r|p if, where 
(vr, F) is a finite-dimensional representation of G. This understanding will be achieved by 



applying to Theorem |5.5| a variant of the translation functor, i.e. tensoring with F followed 
by the projection to the generalized infinitesimal character of F. It will bring into play all the 
spaces ^C~°°(A, F+(o"A, v))) <^ ^ M, A G I^. Since any finite-dimensional G-representation is 
semisimple we can and will assume that F is irreducible. Of course one is mainly interested 
in the case where the additional twist ip is trivial or at least unitary. 



For a while we can drop the assumption that X = WH"^. In fact, Proposition |6.1| below, 
suitably interpreted, holds for any connected semisimple Lie group G with minimal parabolic 
subgroup P. We use the notation and conventions fixed in Section ^ around Equation (|36|). 
There are corresponding closed positive Weyl chambers t!j_ C it*, C They satisfy 
a*^ Ci:)*^ C a*_^_®t*_^. We set := p + pm G f)+- We consider the following subset of W{gc, f]c): 

Tyi := {w e W{qc, f)c) I C a* © t^} . 

To a finite-dimensional irreducible representation {Tr^,F) with highest weight i' £ i)*^ and an 
element w G we associate weights 

:= w{u + pg)\i- pm€ t*^ , 
■= -w{v + pg)|„ G a* . 



If M is connected, then there is exactly one irreducible M-representation u"' with highest 
weight puj- In general a"^ is uniquely determined by the additional requirement that the 
center Z{G) G M of G acts by the same charater as on F. Then A^^, G I^w. The only 
linear rank one group, where M is not connected, is SL{2,M). In this case M = {ibid}, and 
(t"'(— id) = (_i)dimF-i £qj, ]-,q^]^ elements w G W^. We denote the resulting P-representation 
0"^ by fj^ . The set 

{G--{dX,V{al,J)\weW'} 

consists of all principal series representations having the infinitesimal character xf = Xu+p^ 
and the central character of F. 

For a ^(g)-module V and a character x '■ ^(fl) ^ C we consider the generalized eigenspace 
V>^ :={v eV\3keN such that {z - x{z))''v = for all z G Z{g)} . 
If V is locally Z(g)-finite, i.e., dimZ{Q)v < oo for all v £ V, then we have 

X 

Since the underlying (q, K)-module of the G-representation 

V := C-^{dX, V'^iax)) 0F = C'^idX, V\ax,n,)) 
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is admissible and finitely generated V considered as a Z(0)-module is locally finite, and the 
sum 

X 

is finite. Here the ^(0)-action comes from the diagonal G-action. Restricting the attention to 
the subalgebra C[0] C Z{q) we get a weaker finite decomposition into generalized eigenspaces 
of the Casimir operator 

C--{dX,V''{ax,7r,)) = C--(9X, y'^K, vr,))'^ . (70) 



The announced application of the translation functor will rest on the the following 

Proposition 6.1 Let {n^, F) be a finite- dimensional irreducible representation of G with high- 
est weight u G \)*^, and let w G W"^ . Let up '■= ll'^ + PglP ~ llPgP be the Casimir eigenvalue on 
F. Then for [j G {oo,a;} 

More precisely, for any k gN there are G-equivariant differential operators 

Dk,^:G--idX,V\al,J) - C-(5X, vr.)) , 

D''-:G-^{dX,vHcrlx^,^.)) - G~-{dX,V'iaf^,J) 

satisfying 



1. Dk,^ : G''^{dX,V''{a'f^^J) G''^{dX,V''{a^^^^^,7r^))^F is an isomorphism. 

2. D^^"" o Dk,n, = id. 

3. -Dfc+i^u; |c~'^(axy=((T^^ )) — Dk,w, Q° L)k+i^w = L^k,w ° Q- The analogous assertions hold 
forD'^^^^'". 



Proof. The proposition, at least for /c = 1, is well-known among representation theorists (see 
e.g. [^4|, Section 5). However, it is more convenient for us to give a direct proof here rather 
than to cite all relevant results from several places in the literature. 



Similar to the proof of Theorem 3.15 we use the isomorphism of G-bundles 

The P-representation = a„ '^f\P ^ Jordan-Holder series 

{) = Wo(lWi(l ...(lWi = W 
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such that on each irreducible composition factor Qr ■= Wr/Wr-i the group MA acts irre- 
ducibly with highest weight of the form 

w{Ps) + P- Pm + l^r , (71) 

where is a M^d-weight of F. It follows that C~'^{dX,V^{aQ ^ I'^u)) has a composition 
series with composition factors Rr isomorphic to the induced representations 

Ind^(Q, ® n'^) = C~^{dX, V\al)) , 

where a"^ is a M-representation having highest weight {pr + 'w{pq))\i — p-m and = —{pr + 
w{p^)\a- Thus Rr has generalized infinitesimal character Xi_ir+w(p^)- 

We now assume that Rr has generalized Casimir eigenvalue Kp- This means 

\\^ + pX = \\Pr + w{pQ)f . 

We obtain 

0< Pf - \\prf = -2{y - w~^{pr), P^) . (72) 

Since w~^{pr) is a weight of F, too, the difference v — w~^{pr) is a nonnegative linear combi- 
nation of positive roots. Hence the right hand side of (|72|) cannot be positive. It follows that 
Pr = w(i^). 

We claim that the M^-representation r^j^jy with highest weight 

wiPg) + p - Pm + wiv) 

occurs in W exactly once. Indeed, w{v) is an extremal weight of F, thus it occurs in F with 
multiplicity one. Hence t^^u can occur in W at most with multiplicity one. It remains to show 
that w{pq) + p— pm+w{v) is in fact a highest M^-weight. If not, then w{p^+ p— pm+w{i') + [5, 
where /? is a sum of positive m-roots, would be a highest weight. Since w G we have for 
any positive m-root e 

{w~^{e),pQ) = {s,w{pg)) > . 

Hence w~^{e) G A^, and v + w^^ {(3) is not a weight of F. Thus, also w{i') + (3 does not occur 
in F. Therefore (see (|7l|)) w{pg) + p — Pm + w{u) + (3 cannot be a weight of W . The claim 
follows. 

Summarizing the above discussion we see that exactly one of the composition factors Rr 
has generalized Casimir eigenvalue Kp, and that this composition factor is isomorphic to 
C~'^{dX^V^{a^^^)) which has generalized infinitesimal character xf- It then follows from 
(^) that this composition factor occurs as a direct summand of C'^ {dX, V'^ia^ ^^,71^)). This 
gives the desired isomorphism. In order to finish the proof we have to convince ourself that 
this isomorphism is implemented by differential operators D^^ru and D'^''^ . Let 

Pu : C--{dX,V\al^^,7^,)) - C-{dX,V\al^^,^,)) 

be the projection onto C-'^{dX,V^{a^^^^,'Ky)YP with respect to (^). Since the sum ( |70| ) 
is finite it is given by the natural action of a certain polynomial of the Casimir operator on 
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C~'^{dX,V^{a]j^ ^ ,11^)), and is therefore a differential operator. Let r be such that Rr = 
C~'^{dX,V''{ap ^^)) as above. By and r^-i we denote the P-representations on Wr and 
Wr-i, respectively. Then V^{Tr-i) C V'^{Tr) C V^{a^ )^^^ ,7r,y), and there is a projection 

Moreover, 

imPfc C C-"(aX, y'^Cr,)) , C-'^idX, V''{Tr-i)) C ker Pfc . (73) 

Thus, 

is a well-defined G-equivariant differential operator. Choose an embedding 
such that 

Pl,r ° h- = id • 

We set 

ik,r = V 0id : V'{al,J ^ y'^Cr,) C ^^aj^/^.^, , tt,)) . 
While ik^r need not to be G-equivariant the composition 

is G-equivariant because of ([73|). It is now easily checked that the differential operators Dk^w 
and D^'^ enjoy the Properties 1, 2 and 3. This completes the proof of the proposition. □ 

Now let r C G be convex cocompact, and let {ip, V^) be a finite-dimensional representation 
of r. Let Z{q) act on the first factor of 

Then 

^C-^{A,V''{ax,7r,0ip)) C^C-'^{dX,V''{ax,7r,0ip)) C C-''{dX,V+{ax,7r, ip)) 



are Z(g)-submodules. Moreover, using e.g. Lemma 4.18| , we see that E^{ax,TT^ ip) and 
E~j^{a\,TTy are Z(g)-submodules, too. Here, if F is cocompact, we set E~^{ax,7r,^ ^ ip) := 
{0}. 



Corollary 6.2 The differential operators Dk^w id provide isomorphisms 

^C--{dX,vHcrf,x^,^)) = ^C--{dX,vH^lx^,^.®^)r' , 

^G— (A,y+(a^,,^,^)) - ^C-°^{A,V^{alx^,7r,®ip)r- , 

E+{alx^,^) - E+{alx^,7r,®^)^- , 

Eiia^x^,^) - E+{alx^,7r,0^)^- . 
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Proof. The first isomorphism is obvious. The second one fohows from the existence of the left 
inverse which is again a local operator. The third isomorphism is a consequence of Lemma 



4.18 and Property 3 of the operators D^^w and D'^''^ . Now the last isomorphism follows, too. □ 



We now return to our assumption X = M^T", i.e., G = Spin{l,n) or G = SO{l,n)Q. The 
generating set of simple reflections {sg | e € 11}, where 11 C is the set of simple roots, 
determines a length function on W{q£.^ ^c)- If n is even, then 

= {WQ,WI, . . .,Wn-l} , 

where wi is the unique element of length i in W^. For odd n we have 

= {VJQ, . . . , Wn-3. , Wj^,W-,Wn + l , . . . , Wn-l} , 
2 2 

where Wi and w± have length i and ^^^y^, respectively. We abbreviate 

/Xp := ^y,, Xp := Xw, cr^pxp •= '^F^^^ where w = Wn-i-p , (74) 
H± := n^, X± := A^, cr|;^^ := af x^, where w = . (75) 

Occasionally, we will also need a representation associated to p = . We set 

71-1 



We would like to write down things more explicitly. First let n be even. In standard 



n-2 



coordinates o* © it* = M © M 2 with standard basis cq, ei, . . . , we have 



2 

n — 2 

n = {ej_i - ei I i = 1, ...,——} U {cn^} , 

{)1 = {(rriQ, . . . , rrin^) I rn-o > rrei > . . . > rrin^ > 0} , 

2 2 

tl = {(mi, . . . , mn-2 ) I rn-i > m2 > . . . > > 0} , 

2 2 

n — 1 n — 3 1 
Pb = (^— >•••, 2^ • 

The Weyl group W{qc,1)c) consists of permutations of the coordinates composed with an 
arbitrary number of sign chances. For < p < we have 

Wp^niQ, . . . ,mn^) = (mp, mo, . . . , mp+i, . . . , mn^) , 
Wn-i-p{mo,- ■ ■ ,mn^) = (-mp,mo, . . . ,mp_i,mp+i, . . . ,mn^) . 

Associated to a highest weight u = (mo, . . . , mn-2 ) we get for < p < 

fJ-p = (mo + l,mi + 1, . . . ,mp_i + l,mp+i, . . . ,mn^) = //„_i_p , 
Xp = p + {mp - p)a , Xn-i-p = -Xp . 
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n-l 

Let now n be odd. In standard coordinates o* © it* = M © M 2 with standard basis 



Co, ei, . . . , we have 



71 — 1 

n = {ei_i - ej I i = 1, . . . , — — } U {en-3 + en-i} , 

2 22 

= {(mo, . . . , mri^) I mo > . . . > > |mn-i 1} , 

2 22 

t1_ = i(mi mn-i ) I mi > . . . > mn-3 > |mn-i 1) , 

2 22 

n — 1 n — 3 
= (^— >---,0) . 



The Weyl group W{qc, f)c) consists of permutations of the coordinates composed with an even 
number sign chances. For < p < we have 

u'p(mo, . . . ,mn^) = (mp,mo, . . . ,mp_i,mp+i, . . . ,mn^) , 

it;+(mo, . . . , mn-i ) = (m n-i , mn, . . . , m n-3 ) , 
22 2 

u;_(mo, . . . , mn^) = (— m n-i , mn, . . . , m^-s , — m n-3 ) , 
2 2 22 

Wn-i-p{mQ, . . . .niu^) = (-mp,mo, . . . ,mp_i,mp+i, . . . ,mn-3, -mn-i) . 



Associated to a highest weight = (mg, . . . , mn-i ) we get for < p < ^^^h^ 

2 

= (mn + 1, mi + 1 mp-i + 1, mp+i mn-3 , -m-a-i ) , Xp = p + {nip - p)a , 

= (mo + 1, mi + 1, . . . , rrin^ + 1, =F(mn-3 + 1)) , X± = ±mn^a , 

22 2 

P-n-i-p = (mo + l,mi + 1, . . . ,mp_i + l,mp+i, . . . ,mn-i) , A„_i_p = -Ap . 

In particular, the P-representations considered in Section ^ are associated to the trivial G- 
representation: 



As a next step we want to apply the translation functor to the complex (|59|). Indeed, 
replacing there (p hy iTy ® ip we obtain a complex of 2^(0)-modules which decomposes into 
generalized 2^(0)-eigenspaces. Taking the component with generalized infinitesimal character 



Xf and applying Proposition 3.1 we obtain the complex 



Q^^C--{dX,V{a%^^^,^)) ^ r^--(9X,y(4,,^,(^))^ (77) 



■n-2 



where for p < n — 1 the operator dFp = /)i>'^n-i-p o d o Di^w„-\-p is a differential operator 
while d^-^ = i:>i''"» o oL>i can be identified with a multiple of the intertwining operator 
J^n-i ^ ^ if one considers F© as sitting in C~^{dX, y{(y%\^^, v))- For trivial F (and 99) the 
complex (^) is exact and appears in the literature under various names like BGG-resolution 
or Zelobenko complex (see e.g. |Q, By Z^p{ip) and Z^^((/?) we denote the spaces of 



p-cocycles of (77) and of p-cocycles supported on the limit set, respectively. 



Now we can state the second main theorem of the paper. Recall that by convention 
E~^{a\,T^ © 93) = {0} for cocompact F. 
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Theorem 6.3 Let (vr, F) be an irreducible finite- dimensional representation of G, and let 
{(p,V^p) an irreducible representation ofT. There are surjections ^ C~°° {A,V'^ {ap~-^^_ ,(p)) — > 



is 



HP{T,F(^ V^), ^C~°^{K,V+{a^^^^,>p)) {T, F V^). If T is not cocompact or f 

unitary, then we have the following isomorphisms 

HP{r,F0V^) - r^-~(A,y+(a^7£_^,^))/ii;+K7£_^,(^) , p = l,...,n , p^"^ 
Moreover, we have 

If If is unitary and p > then k-{ap~^^_^,ip) = and 

= ZlJ{^)- (79) 
// is unitary and p = §, t/ien k^i^a^"^ , (/?) < max{A;_ (cj^"^^ , if), 1} and 

i7P(r,F®y^)-Z^J(v.) . (80) 
If, in addition, T is cocompact, then we have for all p 

HP{T,F(S>V^)^Z^J{f)^Z^pJip) . 



Proof. If (^,T^) is a finite-dimensional representation of T, then we denote by -E(V') the 
flat vector bundle X x over X. It carries a G action (x, v) i-^ {gx, v) and a F-action 
{x,v) (7X, -0(7)7;). We equip the de Rham complex Q*{Y,E{it ip)) = ^Q*{X,E{7: (g) ip)) 
with the -Z(0)-action induced by the tensor product G-action on 

n*{X, E{ip)) F ^ n*(X, E{^ ip)) . (81) 

This induces a Z(0)-module structure on HP{T,F ® V^) = HP{Y,E{tt (8) v?)). Then the iso- 



morphisms in Theorem 5.5 (with p replaced by vr^v') become isomorphisms of -2^(g)-modules. 
Now, by general principles, 2{q) acts on HP{T,F Vip) by the infinitesimal character xf- 
In order to see this we look at the category of (C[r], 2^(g))-bimodules. Taking F-invariants 
defines a left exact functor from this category to the category of ^(0)-modules. Its right 
derived functors coincide with H^iV, .), but now provide also -Z(g)-module structures on the 
cohomology groups. We want to study the Z(g)-modules HP(T,F <Si V^), where Z{q) acts 
on the first factor of F V^. For this it is sufficient to look at resolutions of F (8) by 
F-acyclic (C[F], Z(g))-bimodules. The F-modules ClP{X, E{tt p)) are acyclic by [0], Lemma 
2.4. Taking F-invariants identifies the cohomology of ^}*{Y,E{tt p)) with H*{T,F V^p) as 
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a 2(g)-module. There is a second 2^(0)-module structure on this de Rham complex coming 
from the G-action on the second factor in ( |8l| ) which gives rise to a resolution oi F 0Vip, too. 
It follows that Z{q) acts on H*{T,F® V^) by XF- 



At least for noncocompact T the theorem, except for (|86|), now follows from Corollary 
by taking the components with generalized infinitesimal character xf of all the spaces 



appearing in Theorem |5.5| . For cocompact T we use Proposition |5.6| instead. That in case 
of unitary ip the resulting surjection is an isomorphism follows from classical Hodge theory 
with respect to the Laplacian associated to a so called admissible scalar product on F. This 



Laplacian coincides with the action of —i} + Kp (see Chapter II, §2, for all that), thus 



acts by zero on the relevant spaces. These facts will be discussed further in Subsection 7.3 and 
Section P. 



It remains to prove ( pOD for noncocompact F. For this we will need a couple of results 
which are of interest in their own right. 



Lemma 6.4 Let A: G N, and let resu : ^ C-'^{dX,V''{ap'^^^_^,^)) C-'^{B,V§{ap~^l_^,ip)) 
be the restriction map. Then ext induces an isomorphism 

e, : coker res, ^ i^K^^^.^, V')/^'^ (^^-^(A, ^)) 

In particular, if k>k^ i^F~\ ■> ^) j then 

coker resfc ^ ^|(cr^^^ , 99) . 



Proof. Choose I > maix{k-{ap ^^^_^,(p),k}. Let [/] € coker resfc be represented by p^g^ fi for 
some fi G C-"(S, Vl^{ap~^^_^^, if)) . Then we set 



e.m ■■= extm mod^^ (^C— (A, y+K7£_^, ^)) ) . 



We have to check that e, is well-defined. Assume that 

Ps'^fi = reski^ for some V G ^C""(9X, y,)) . 

Choose fk+i £ C-'-{B,V^+\a^pJ^_^,^)) such that p%fk+i = fi. We obtain 
ext[l]fi = ext[l]{Q%fk+i) = gUext[l]fk+i) = gUext[l]fk+i - i/j) 



Now res{ext[l]fk+i - ij) = 0, hence ext[l]fi G [^^C-°°{A,V+{apJ^_^,^))j. Thus e, 
well-defined. 

Vice versa, assume that 

ext[l]fi = gUext[l]fk+i) = gUi^o) for some Vo G ^C-°°(A, ^)) . 



IS 
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Then tp := ext[l]ff^^i — ijjQ ^ C V^{a^^ , tp)) and res^'ip = fi- Thus is injective. 



Finally, it follows from Lemma 4.5 that is surjective. 



□ 



Proposition 6.5 Let (p he unitary. Then 

dimZj^/C^) > dim//P(r, F 



Proof. For p > we have already shown equality. Thus we can assume p < S , in particular 



XF,n-p < 0. By Lemma |6.4] we have that for k > k^{a^^ , if) 

r+(n~p 



dim^C-°°(A,y+(cj" 



, (/?)) = dimi/^(r, F (g) V^p) + dim coker res^ . 



(82) 



As in the proof of Proposition [ilej let J+ : C-'^^dX, ^+ct^^;^^_^, ^)) ^ C'^^idX, V+ [a'^f^^^^^.ip)) 



be the intertwining operator induced by J 



n-p , which is regular at /i = Xpn-n < 0. The 



knowledge of the composition factors of C ^{dX,V{a^^ )) (see e.g. [25|, Ch. 5) gives for 

+] 

2 



Zr%)=^(kerJ+). 
Thus in view of (|8^) it is enough to show that 



dim J+ rC-°°{K,V+{ap-^^_^,<p))\ < dim coker resfc . 



(83) 



As in the proof of Theorem |5.5| we see that any element h G ^C^°°(A, V^{a^~^ , ip)) can be 
written as h = tp — ext[l]fi-^-i, where tp G Zp~^{(p) and G C^^ {B ,Vj^^ {ap~-^^^_^, (p)) such 
that d'gfiJri = res{ip). This implies that J+{h) = —J^{ext[l]fi^i) £ E'^i^a^^ ^^v)- Now 
■^a('^f Ap_i' V') = {0} by Proposition |4.21| , 2. It follows that 



J+ (rC--(A,y+(a^7£_^,^))) n^C— (A,y+(a^-^^_^,^)) = {0} 



and thus 



dimJ+ (rc— (A,y+(cT^7£_^,^))) =dim re. o J+ (rc— (A, F+(ct^7£_^, ^))) . 

Since y(cr^" 7^_^, (^)) is the complex conjugate of ^(o'j7'7v!l_ '^^^ ''^'^ o J_,_ = (res o J)_|_ 
Proposition 4.17 now implies that the dimension on the right hand side does not exceed 
dim coker resfc. This proves (|8^), and hence the proposition. □ 



Lemma 6.6 Let ip he unitary and n he even. Then 

Z|^((/.)ni?l(a| ,^) = {0} . 
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Proof. The lemma relies on the fact that the G-representation ker dp C C~°°{dX, V{ap-^^ )) is 

the direct sum of the distribution globalization of the two irreducible discrete series represen- 
tations having infinitesimal character xf (see e.g. [25|, Ch. 5). Thus we can exploit unitarity 
in a similar way as for the corresponding assertions for p > ^^y^. 

n 

If F has highest weight (mo, mi, . . . ,mn^), then Up has highest weight (mo + l,mi + 

2 

1, . . . ,mn^ + 1). We consider the i^-representation 7 = 7"*"© 7", where 7^ has high- 

2 _ 

est weight (mg + + l,...,mn-4 + l,ib(mn^ + 1)). Let G be the group SO{l,n) or 

its double cover, respectively, having two connected components. Consider also the corre- 
sponding groups K and M. Then M = M x Z2. Letting the Z2-factor act trivially we 

obtain an M-action on V n. Thus C-°^{dX,V''{aJ ^J), kerdf C C-^{dX,V{af^^,ip)) 

_ ^ _ 

become G-representations. Then kerdj, is the unique irreducible G-subrepresentation of 

Zi — 

C~^{dX, yicTp^^)). The representation of K on can be uniquely extended to a i^T repre- 
sentation such that dimHomir>(y n , V^) = 1. 

Let 7^ T G Hom^(y « , V^). There is a corresponding Poisson transform 



:= P^r. : C-^{dX,V{a}^J) ^ G-(G,y^)^ 



which becomes G-equivariant. Since the /C-type 7 occurs in kerd^,, it is injective. 

Let $ G Z^i^), f G r(^-oo(Q;s^^y2(^|^^^^)) g^pl^ ^-^^^ ^ ^P(^) j^^^ ^gg(^) j^j^^ 

res(/) are smooth. We claim that P^^,P^ grf € [L^(r\G, 99) Ky]^ and that there is a 
non-zero constant c such that 

(P^$, P^£.r/) = c(res($), res( J2/))b • (84) 

Here J2 : C~°°{dX,V'^{ap -^^jip)) C~°°{dX,V^{ap , tp)) is the intertwining operator 
induced by the family J « as in the proof of Proposition 14. 161, and (■,-)b is the natural 

,At 

n n 

sesqui-linear pairing between C°°{B, Vb{o'p-^^ , ip)) and C^°°{B, VB^o-p , p)). Since prf G 
Z^pip) C ker J n we have J2/ G C-°^{dX,V\a^__^^,ip)). 

n n 

If $ G Z^^(99)n^l(a|;^„ , p), then $ = ea;t[A;_+l]0 for some ^ e C^{B,V''-+Ha^^^,ip)), 

thus ^ = Prf for / = ext[k^](p. Assuming (p^) we obtain = c{0,res{J2f))B = 0, 

hence $ = 0. This implies the lemma. 

It remains to prove (^). Since kerdj, consists of discrete series representations and has 
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infinitesimal character XF we obtain for smooth ip G kerdp 

where ip is some smooth Ky-valued function on K. Note that Xn < 0. The map ip ^ T*'ip 

is a G-intertwining operator from the smooth vectors in kerdj, to C'^{dX,V{ap^^)). Since 

— — — 

kerd^ is the unique irreducible G-subrepresentation of C°°{dX,V {ap ^^)) we conclude that 

r*'0 is a multiple of ip. We obtain as in Lemma 6.2, 3, that for kM € 

with T*$ a constant multiple of res(<I>). As in Section ^, can be extended to 

n 

J)^ and for kM G 

P'^fika) = a~^^~'TJ2f{k) +0{a~^^~'~') . 
Since — Kp)P'^ f is a constant multiple of P'^ Qrf we can use Green's formula as in the proof 



of pTl, Prop. 10.4, in order to conclude (84). □ 



Lemma |6.6| implies that the map Zp^i^p) — > H^iT^F V^) is injective. On the other 

hand dim Z p j^(ip) > H^{T,F <^V^) by Proposition |6.5| . Thus the map is also surjective. This 
finishes the proof of (^). □ 



That the cohomology groups HP{T, F) should be representable by currents on the limit 
set was conjectured by Patterson [5^. As explained in the introduction, he suggested that, at 
least for trivial ip, the isomorphism (^), which we have now proved for p > ^, should be true 
for all p. What we can say in general is the following 



Corollary 6.7 Ifip is unitary and ext^ is regular at fj, = Xp^n-p, i-s. k^{ap ^ ,(p) = 0, then 
^C— (A, ^)) = Z^J(^) - HP{r, F®V^). 

Proof. By assumption E^{ap'^ , (p) = {0}. This implies injectivity of the map 

We now apply Proposition □ 

However, the map Zp~^{ip) — > HP{T, V^) is not injective in general. Let n be odd, and 
let r be such that B is disconnected (this happens for example for cocompact subgroups of 
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50(1, n — 1)0 considered as a subgroup of SO{l,n)o). Let / G C'^{B,V{lp)) be the charac- 
teristic function of one connected component. The residue Dp of Ja at A = p is a differential 
operator. Its kernel is the one-dimensional space of constant functions while its image is equal 
to ker J_p. Thus / /i := Dp{extpf) G Choosing a family G C'^{B,V{lp)) such 

that /p = / we obtain a family h,y := —J-u o ext^^f^y G '"AlLpC~°°(9X, such that 



ev{hy) = h. Thus h G £^^(l_p) by Corollary 4.15 and hence maps to zero in H^{r,C). Using 



embedding we also get examples for all even n > 2. In spite of Lemma we do not know 
whether the map Zp~^{ip) HP{T,F (g) V^) is surjective in general. 

We have the following dimension formulas. 



Corollary 6.8 Assume that T is not cocompact. Then 
d\m^C-^{A,vHaZ'^^)) = dim//P(r,F®y^) 



-|- dim 



= dim HP{T, F(g)V^) + dim coker rest ■ (85) 
Here resk : ^C-'^{dX,V''{ap-P^_^,ip)) C-'^{B,V^{apJ^_^,ip)) is the restriction map. 

Proof. Let be the map induced by on '"C~°°(A, F+(c7^'^^_^, (/?)). Since img^ C 



^Xi^F x„-p^f) (^^^ (p9D) we obtain by Theorem O 



dim^C-^{A,V\a''^l_^,^)) = dimker^i 



= dim coker 

= dimrC7-~(A, y+(a^X_^, (a^7/„.^, ^) 

+ dim El i(Tp~xl-p ' 6 a 

= dimHPiT,F^V^) + dimEl{a'},X_^,ip)/ime\ . 

Equation (|85|) is now a consequence of Lemma □ 



In 1 17] we obtained for n = 2 by different methods that 

Here / G No, and is the irreducible SL(2, M)-representation of dimension k. In that paper 
no natural map ^C~°°{A, V{l-p-ia)) —>■ H^{T,F2i+i) was studied. This map is now provided 
by Theorem |6.3| . By (^0|) it is bijective when restricted to aC-*-)- Now (|^) implies that 

for non-elementary T we have 

(A, V{l.p^na)) = ^k+„A(l) • (87) 

In fact, ( |87|) has been proved directly by topological considerations in Lemma 5.2. 



68 



6 FINITE-DIMENSIONAL G-REPRESENTATIONS AS COEFFICIENTS 



Corollary 6.9 If n = 2 and T is non- elementary, then for all k G the extension map 

extx : C-'^iB, Vb{1x)) ^ ^C'^idX, ^(1^)) 

is regular at X = —ka. 



Proof. If k is an integer, then ^C-°°{A, V{l_ka)) = {0} by 0, Proposition 4.3. If /c G i + N, 
then Ej^{l_ka) = {0} by (p7|) and Lemma |6^ . Thus in any case E^{l_ka) = {0}- ^ 
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7 Applications and related results 
7.1 Vanishing results 

Let r be a nontrivial torsion- free convex cocompact subgroup acting on M//". We define the 
real number dr S [0, n — 1] by 5r + P = di'a. Now Tlieorem combined with the vanishing 



result Corollary 4.13| has the immediate 



Corollary 7.1 Let {ip,V^) be a finite- dimensional unitary representation ofT. Then 

HP{r, V^) = {0} for all p > dr + I . 

Proof. Indeed, if p > dr + 1, then (p — l)a — p > 6r- □ 

This result is neither new nor the best possible. By the celebrated result of Patterson [E^] 



and Sullivan |65| the number is equal to the HausdorfF dimension of the limit set A. Using 



this and methods from algebraic topology Izeki [p3| proved 



Proposition 7.2 (p8||, Prop. 4.13) The cohomological dimension ofT is at most dr + 1. 
In particular, for any (not necessarily finite-dimensional) representation ((/?, V^) ofT we have 

H'P{T, V^) = {0} for allp>dr + l . 



Nevertheless, it seems to be interesting that this topological statement has an analytic 
proof at least in the interesting case of the trivial F-representation which, moreover, does not 
use the relation between the critical exponent and the Hausdorff dimension of the limit set. 

We remark (compare [^], Thm. 4.15) that in view of the exact sequence 
. . . ^ HP{Y) ^ HP{B) ^ HP+\Y, B)^ ... 



Proposition 7.2 as well as Corollary [7.1| combined with Poincare-Lefschetz duality implies 



Nayatani's vanishing theorem 

HP{B) = for all p e (dr + 1, n - 2 - dr) . 
This yields a cohomology free region if 6r < —a for odd n and 5r < — |a for even n. 



We can sharpen Proposition |7.2| for F-representations of the form F0Vip, where 93 is unitary 
and is a finite-dimensional representation of G. 
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Proposition 7.3 Let F be an irreducible finite- dimensional representation with highest weight 
(mo, mi , . . . , mj n-i J ) as in Section Set 

Pf := mm{i | rrij = 0} G |o, 1, . . . 

(for this definition we set = for i > [-^^y^] Let (ip, V^) be a finite- dimensional unitary 
representation ofV. Then 

HP{T, F(g)V^) = {0} for all p > mm{dr + 1, n - p^} • 

IfT is cocompact, then H'^ {T , F Vy,) ^ {0} only if p £ [pp,n — pp]. 



n + 1 



Proof. Let p = n — k, where k < pp. Then m^. ^ 0. We look at the associated M-representation 
ap with highest weight /i^ = (mi, . . . ,mjn^j) and the associated element G a* introduced 



in Section ^. Before Proposition |4.24 we assigned to ap an element X^k G a* which specifies 

2 



the end of the corresponding complementary series. If k = ^^-^J- we replace the index k by 



sign(mfc) G {±}. If /c = 0, then 
It follows that X^k < p — ka < p + 
now yields ^^7— ^A, ^+(4 ^ , ^)) 



= p + mo > p > X^k . If /c > 1, then \ fhk\ = m^.i + 1/0. 
|mfc| — ka) = Afc. In any case A^ > X^k . Proposition 4.24 
= {0}. Hence HP{T, F (dV^) = {0} by Theorem |!3. 



That HP{T, F V^) vanishes for p > dr + 1 is clear from Proposition 7.2. Note, however, 
that for (5r > — § it is not necessary to refer to Proposition 7.2. Indeed, in this case p > dp + 1 
implies p > which yields 

Xn-p > p - {n-p)a = {p 

It again follows that ^C-°°{K, V+ {a%^y^^,ip)) = {0} : 



l)a — p > 6r ■ 
HP{T,F®V^) 



□ 



Note that the above proof relies on two essential facts. First, that the cohomology in degrees 
p > is related to a specific irreducible representation I°'f :^n-p Qf q with infinitesimal 

n — p \ 

character XF, and second, that the cohomology can only be non-zero if I'^f ,-^n-p unitary. 
The point is that one precisely knows the parameters, where this happens. 

For cocompact F the result has been known before. This case is usually investigated in the 



framework of (g, i^)-cohomology of irreducible unitary Harish-Chandra modules (see |11], |68], 



Ch. 9, in particular Theorem 9.5.8, [67|; compare Section ^. For cocompact F and generic F, 
i.e. mj 7^ for all i, the proposition means that the cohomology is concentrated in the middle 
degree or vanishes, if n is even or odd, respectively. 



7.2 Cohomology with compact support 



As in the Section |^ we consider a hyperbolic manifold Y = T\MH"', where F is convex cocom- 
pact, and a finite-dimensional F-representation (93, V^). Here we want to relate the cohomology 



7.2 Cohomology with compact support 
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with compact support Hc(Y, E{ip)) with invariant currents supported on the limit set. Note 
that E{ip) extends naturally to Y: E(ip) := r\((X U il) x V^). We use the identification 
H'^{Y,E{ip)) ^ HP{Y,B,E{(p)), where Hf{Y,B,E{ip)) denotes the relative cohomology of 
Y with respect to its boundary B. For simplicity we only treat the case of even n. In 
this case the complex ( |59| ) computes H'P{Y, E{ip)) = H'P{Y , E{ip)). Thus res induces a map 
resp : HP{Y, E{if)) HP{B, E{ip)). One expects that resp coincides with the natural map 
i* : HP{Y, E{ip)) HP{B, E{ip)) induced by the embedding B ^ Y. This is indeed the case, 



see Proposition 7^. Thus the cohomology of the complex of kernels of res, i.e. 

(^[^71^ (A) ® V^],d) completed by ^V^ , 



should be related to H'P(Y,B,E{{p)). We will clarify this relation in Proposition 7.6. That 
these two cohomology groups are not isomorphic in general is caused by the lack of surjectivity 
of res. However, for unitary ip and p < they are isomorphic. 

For any F-module V we denote by C^V the standard group cohomology complex: 
C^V := {/ : FP+i ^ V \ /(770, • • • ,77^) = 7/(7o, • • • ,7p)} 

with differential 

P+i 

5p/(7o,---,7p+i) = ^{-'^y filo, ■ ■ ■ ■ ■ ■ ,7p+i) ■ 

1=0 

Then HP{C^V) = HP{T,V). If V* is a complex of F-modules, then C^V* should denote the 
total complex of the arising double complex. There is a natural embedding of complexes 

c : Ty* ^ C*v* 

sending ^V^ to the constant functions in C^^VP. If V* is a complex of acyclic F-modules, then 
c is a quasi-isomorphism. If <I> : — > W* is a quasi-isomorphism of complexes of F-modules, 
then Cr^ ■ C^V* C^W* is a quasi-isomorphism, too. 



We will denote the completed de Rham complex (compare (p9|)) 



by n*_^{dx). 



Lemma 7.4 The embedding c : ^ {n*_JdX)(S)V^) C^{n*_JdX)(S)V^) is a quasi-isomorphism. 
Proof. Since the F-modules Qp{X) V^p are acyclic ( []l4|| . Lemma 2.4), the embedding 

cx ■.^in*ix)^Vp) = n*(Y,E{^))^c^{n*ix)<E)Vp) 

is a quasi-isomorphism. As already noted, by Theorem |5.1| suitably normalized Poisson trans- 
forms define a quasi-isomorphisms 

p : ni^idx) ^ n*ix) Vp , 
^P:^{ni^idx)<S)V^) ^ n*(Y,Ei^)) . 
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In particular, Cr-P : C^{(}*_^{dX) ^ F^) C^{Q*{X) V^) is a quasi-isomorphism, too. We 
have CrP o c = cx P- It follows that c is a quasi-isomorphism. □ 



The precise normalization of the Poisson transform P : 0,'^^{dX) (8) ^ 0,*{X) is 



given as follows. For p = 0, . . . , n - 1 set Cp := '''^(n-i)(nhy4n-p)^^ 
P\np{x)m^ '■= CpPp,p-pa ®id,p = 0, l,...,n-l; -P|n-(x)®Kp 



. Then 

:= Cn-i I , volx ® id 



Proposition 7.5 We consider the embeddings i : B ^ Y and j : Y ^ Y and the restriction 
map res : ^ {tl*_^{dX)(^V^) Q*_^{B,E{ip)). Here res is defined to be zero onri"^^{dX)(^V^). 
Then the following diagram commutes 



HP{^{tl*_^{dX)®V^] 

[resp 

HP {^}*_^{B,E{^))) 



{^P)p and j* are isomorphisms. 



HV{Y,E{^)) 

T i* 
HP{Y,E{V)) 

HP{B,E{^)) 



Proof. We also consider the embeddings I : ^ X L) il. and J : X ^ X U Q. Vip can be 
embedded as the subcomplex of constant 0-forms into any T^-valued de Rham complex. In 
particular, the embeddings ^ n*{X) (g) V^, ^ n*{XLin)(g) V^, and ^ n*{dX) O 
are quasi-isomorphisms. We look at the following diagram 



n*iY,Ei^)) 
c^in*{x)<S)V^) 

T cx 

n*{Y,E{^)) 



^ ^{n*_jdx)0V^) 
ycrP T 

c^{n*{xun)0V^) 
U 

^ n*{Y,E{ip)) 



\ 

Crl* 



a*_^{B,E{ip)) 

i CB 

T 

n*{B,E{ip)) 



Using Lemma [TJ and the T-acyclicity of nP{X) (g) V^, QP{X U fi) (g) V^, QP{9.) ® (0], 
Lemma 2.4), and V^p (Lemma below) we see that all vertical arrows and all 

arrows pointing to the left are quasi-isomorphisms. The left and the right column induce the 
identity on H^iY, -^(v)) ^-i^d HP{B, E((p)), respectively. The proposition now follows from the 
observation that all subdiagrams of (p^) commute. □ 
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The image im res of the restriction map res : ^{Cl^^{dX) ® V^) — > Q'^^{B, E{ip)) is a 
subcomplex of $71^(5, E{ip)). Let coker res denote the corresponding quotient complex. 

Proposition 7.6 The cohomology of the finite- dimensional complex ^ {Q'^^{A) V^) of in- 
variant currents supported on the limit set fits into the following long exact sequence: 

... HP-^{cokeT res) HP{^{n*_^{A) V^)) HP{Y,B,E{^)) Hf^^cokei res) 

The map 6 can be described as follows. Let [r]] £ i/^^^ (coker res) be represented by rj & 
Q^^{B, E{ip)) such that drj = res{io) for some uj G ^{n^SjidX) (g) V^). Then S[rj] = [diu] G 
HPC{n*_^{A)^V^)). 

Proof. We form the mapping cone (C*(res), d) which is given by 

CP{res) = ^{n^^JdX) ® V^) © ^p_-J{B,E{^)) , d{uj,r]) = {duj,res{uj) - dq) . 

Proposition [7.5| imphes that it is quasi- isomophic to the mapping cone C*{i*), 
i* : n*{Y,E{ip)) Q*{B,E{ip)). The cohomology of C*{i*) is equal to H*{Y , B, E{^)). 
Thus 

HP{C*{res)) ^ HP{Y, B, E{^)) . (89) 
We consider the exact sequence of complexes 

^ ^(riloo(A) <S) V^)) ^ C%res) ^ D%res) ^ , (90) 

where DP{res) := im res^ © QP'^^{B, E(ip)), d{uj,ri) = {duj,uj — drj). It is now easy to check 
that the map DP{res) 3 {uj, rf) i— > (— 1)^[^/] G cokerres^"^ defines a quasi-isomorphism between 
D*{res) and (coker res) [1]. This together with ( p9| ) and the long exact sequence associated to 
(^0|) implies the proposition. □ 



Let Z^{ip) be the space of p-cocycles of ^($71^^ (A) © F^)) as in Section ||. 
Corollary 7.7 If (p is unitary and p < ^, then the map Z^{ip) — > HP{Y , B, E{(p)) given by 



Proposition l.t is an isomorphism. 



Proof. Proposition 4.21 implies for all q < p that coker res'' = and that '"(^^^^(A) © V^)) 



Zliif). Thus HP {^{Cl*_^{A)0V^)) ^ HP{Y,B,E{ip)) is an isomorphism and //P(^(r21^ (A) © 
V^)) = ZP^i^). □ 



For p < § and general if one can describe the map Z^{ip) H*{Y,B,E{ip)) more explic- 
itly. The standard relative cohomology complex 0,*{Y,B,E{ip)) for the pair (Y,B) is given 

by 

nP{Y,B,E{ip)) := {cj G nP{Y,E{^)) \ i*LO = 0} . 
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Indeed, the natural embedding 0,*{Y , B, E{(p)) ^ C*{i*) is a quasi-isomorphism. Using the 
asymptotic behaviom' for a ^ oo of Pp^p-paio{ka), m G Z^{ip), kM G Q ([0], Lemma 6.2, 
Equation (37)) it is not difficult to show that CpPp^p-paUJ defines an element in flP{Y , B , E{ip)) 
(this is not true for p > which is closed and represents the correct cohomology class in 
HP{Y,B,E{^)). 



Let (vr, F) be an irreducible finite-dimensional representation of G. Proposition |7.6| in 
particular yields a map 

rp : Zlin ® (^) ^ HP{Y, B, E{Tr ® ip)) . 



Corollary 7.8 Let : Zpj^{ip) — > Z^{-7r (gi Lp) be the embedding constructed in Proposition 
\6. 4 // n is even, ip is unitary, and p < ^, then 

rpoD^: Z^p^^iif) ^ HP{Y, B, E{ti (^)) 

is an isomorphism. 



Proof. By the argument at the beginning of the proof of Theorem 6.3 and since the complex 
of sheaves ^*_^{., E{tt 99))^-^ = C~'^(., Vb((T^^^, (/?)) on i? is a flabby resolution of the sheaf 
of parallel sections of E{Tr (Sup) on B Proposition |7.5| applied -k ® ip remains true if we replace 
^{tl*_^{dX)®F®V^)hy <^ a.ndQ.*_^{B,E{T:(^^)) hy C'^^iB ,Vb{(t*px^,<p)). Thus we can also 
replace in Proposition |7.6| the complexes ^(Ji!Loc(A) -F 55 V^) and coker res by their subcom- 
plexes having infinitesimal character xf- Now one can argue as in the proof of Corollary W^. □ 



7.3 The Harder-Borel conjecture 



Let G be a connected real reductive group, C G be a maximal compact subgroup, F C G 
be a finitely generated discrete subgroup. Let (vr, F) and {ip,V^) be finite-dimensional repre- 
sentations of G and F, respectively. We assume that F is irreducible, hence has infinitesimal 
character xf- If F is cocompact, we require (p to be unitary. One would like to study the 
cohomology groups 

by means of complexes of automorphic differential forms. Of course, the de Rham complex 

VL*{Y, E{tt p)) := ^{n*{X) ^F(g)V^) 

computes these cohomology groups. If F is torsion-free, then Y := T\X is a manifold, and this 
complex is the de Rham complex associated to the flat vector bundle E{Tr(S"p) as considered in 
Section ^. By Selberg's Lemma (see e.g. |5^]) there is always a torsion-free normal subgroup 



7.3 The Harder-Borel conjecture 



75 



To C r of finite index. Then the finite group T/Tq acts on the manifold Yq := ro\X, and we 
have 

n*{Y, E{tt (f)) = ^/^'m*{Yo, E{tt , (91) 
HP{T, F<S)V^)= ^/^°HP{rQ, F<S,V^) . (92) 

These equations show that up to an action of a finite group, which is harmless, we are still in 
the situation of the preceding sections. 

Fix a G-invariant Riemannian metric on X = G/K and an admissible positive definite 
scalar product on F: it has to be i^-invariant and the Iwasawa a has to act by selfadjoint 
endomorphisms. By the usual twisting isomorphism we look atXxF = GxKFasaG- 
homogeneous vector bundle on X which now comes with a G-invariant Hermitian metric. It 
induces a Hermitian metric on A'PT*Y E{'k) and thus gives rise to a codifferential 

5 = 5f: VfP+^iY, E{Ti)) ^ QP{Y, E{Tr)) 

and a corresponding Laplacian 

= 6Fd + dSp ■■ nP{Y, E{tt)) Cl^iY, E{tt)) 

as in Section ^. The codifferential 6p can be twisted with the flat connection of E{ip)) as in 
(0), and we obtain operators 

6f ■■ nP+\Y,E{Tr^ip)) nP{Y,E{TT^ip)) , Ap = Spd+ddp ■ nP{Y, E{TT(g)(p)) nP{Y, E{TT(g)(p)) . 

A form CO G ^l*(Y, E{tt ® '■p)) is said to have moderate growth, if for all A; E No there exist 
constants C, r such that with respect to some chosen norm on V^p 

|A^u;(x)| < Ce^'^'^*^^'^^) . 

The G-action on Vt*[X)®F induces an action of the center Z{q) of the universal enveloping 
algebra of g on Vt*{Y^ E(TTiS><f))- In particular, it makes sense to say that a form has generalized 
infinitesimal character. Note that the Casimir operator acts by —Ap + Kp. Let us introduce 
the following subcomplexes of ^}*{Y, E{tt (8) ^p)): 

• Q^^g{Y, E[tt p)) (forms of moderate growth) 

• A*p{Y,E{t: (g) if)) := n*„^g{Y,E{7r v?))^-^ (automorphic forms) 

• •^*F,chi^^ ^(^ ® V)) ■= ^(^ ® '^)) ^ ^^*C^) E{t: ® ip))AF,8F (coclosed harmonic au- 
tomorphic forms) 

Here, as in Section ^, the superscript xf means forms having generalized infinitesimal character 
Xf- Some comments concerning these definitions are in order. First, the definition of moderate 
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growth given here is shghtly stronger than the one given in Section This is necessary in 
order to make Q'^g{Y, E{Tr (gi 93)) into a complex. £^(7r V?))'^^ is a subcomplex of 

r2*(y, E{Tr eg) ^))(Ap)- This shows that the weaker definition of moderate growth would lead to 
the same space of automorphic forms. The Harder-Borel conjecture, following Gaillard |3^ , 
now asserts 



Conjecture 7.9 The inclusions A*p^^{Y,E{Tr (g) (p)) C A*p{Y,E{Tr if)) C Q*{Y,E{tt (g) if)) 
are quasi-isomorphisms. 



For cocompact F we observe E{7t g) (f)) = Q*{Y, E{tt (g ip)) and thus Conjecture 7.£ 

is a direct consequence of classical Hodge theory. 

The conjecture arose in the work of Harder, Borel and others (see e.g. |^] and the survey 
article ||6^ ) on the cohomology of arithmetic subgroups of reductive algebraic groups which is 
in fact the most interesting case. Here one usually considers the case of trivial 9?, only. Indeed, 
in this situation (or more generally, if F\G has finite volume) A*p ^^(Y,E{'k)) in contrast to 
VL* {Y, E{-k)) i\p ^Sp is finite-dimensional and carries a lot of additional structure. However, it is 
at least of theoretical interest to understand the generality in which statements like Conjecture 



7.£ hold. Gaillard formulates and discusses a corresponding conjecture for trivial tt and 



if, but for a discrete subgroup of an arbitrary connected Lie group. 



The most far reaching result concerning Conjecture 7.9 known up to now is the following 



Theorem 7.10 (Franke [ |28|] ) Let G he reductive algebraic defined over Q, T C G be a con- 
gruence subgroup. Let{-K,F) be a rational representation of G . Then the inclusion A*p(Y, Elir)) 
C Q*{Y, E{7r)) is a quasi-isomorphism. 



For G of Q-rank one the result was previously obtained by Speh and Casselman, see |24] 
for a discussion of the case G = 5L(2,M). Compare also Harder's early results For 
G of general rank it is not known whether the inclusion Ap ^f^(Y, Elir)) C ^}*(Y,E{7r)) is a 
quasi-isomorphism. However, p^], Theorem 6.3 implies 



Proposition 7.11 If G has real rank one, T C G has finite covolume, and ip is trivial, then 
Conjecture \7.!\ holds true. 



We will shortly discuss the proof of the proposition in order to indicate what kind of results 
one could try to prove if one wants to establish Conjecture |7.9| . First of all one needs that 
^l%ig{Y, E{7r)) is quasi-isomorphic to il,*{Y, E{7r)). This was shown by Borel (compare also 
Theorem 5.6, [28|, Section 2.3). Now one looks at the image of the Laplacian 



7.3 The Harder-Borel conjecture 



77 



], Theorem 6.3 tells us that it is the orthogonal complement of rapidly decreasing harmonic 



forms, which are automatically closed and coclosed. Arguing as in the proof of Theorem 2.1 
we find that the complexes Q^g{Y, E{tt))(^/^p^ and £'(7r))A^,5^ are quasi-isomorphic 

to i}^g{Y, E(Tr)). The rank one assumption now ensures that the action of 2{q) on these 
complexes is locally finite. Thus taking the components with generalized infinitesimal character 
Xf does not change the cohomology (see the proof of Proposition |6.3| ). This completes the 



proof of Proposition 7.11 



One could try to extend this approach to, say, convex cocompact or even geometrically 
finite discrete subgroups of rank one Lie groups. It seems to be not too difficult to establish 
that 0,'^g{Y, E{tt)) is quasi-isomorphic to 0,*{Y, E{tt)). However, the determination of the 
image of the Laplacian on forms of moderate growth seems to be out of reach in the moment. 
The crucial point is to show that the Laplacian has closed range. 

However, if G = S'0(l,n)o or G = Spin{l,n) and F is convex cocompact, then we can use 



Theorem 6.3 and or rather the tools developed for its proof in order to establish Conjecture 



Theorem 7.12 If G = SO{l,n)Q or G = Spin{l,n) and T is convex cocompact, then Con- 
jecture \7.!\ is true. 



For the special case of elementary F (and vr = = 1) the theorem was previously obtained 
by Delacroix p^]. The proof of the theorem will proceed in several steps. For cocompact F 



there is nothing to show. We thus assume F to be non-cocompact. In view of ( [9l| ) and (92) 
we may also assume F to be torsion-free. 

We introduce close relatives of the complexes A*p{Y., E{-K(^ip)) and A*p^y^{Y., E{i:®Lp)) which 
can be directly investigated by means of Theorem |6.3| and which coincide with the original 
ones in case of trivial vr. Recall the definitions of the codifferential 5 and the corresponding 
Laplacian A from Section |2[ We set 

AUY,E{^(^^)) := ^>(y,S(^® 99))nf)*(F,S(^®(p))(^) , 

A*F^,h{Y,E{7:(^^)) := AUY,E{7t ^)) nn*{Y,E{7T ^))^^^ . 

These complexes of automorphic forms are as natural as the corresponding unhatted versions. 



We will first prove the analog of Conjecture 7^ for them (see Propositions 7.14 and 7.17 
below). 

The following observation holds for any discrete subgroup F of a real reductive group G. 
Lemma 7.13 The inclusion Ap{Y, E{tt f)) C Ap{Y, E(tt (p)) is a quasi-isomorphism. 



Proof. A defines a G-invariant differential operator acting on ^}*(X,E{7r)) = Q*(X) (8) F. 
The algebra of G-invariant differential operators acting on a homogeneous vector bundle on 
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X is a finitely generated module over Z{q). This implies that C[A] acts locally finitely on 
Q,*{X, E{tt))^^ , thus also on Ap{Y, E{'K®<f)). As in (^) we obtain a direct sum decomposition 

A*p{Y,E{TT®^))= A*p{Y,E{-n®^))®A*p{Y,E{-n®^))R , (93) 

where A*p{Y, E{tt (gi v?))_r is the sum of all generalized eigenspaces of A corresponding to non- 
zero eigenvalues. From this the lemma follows easily. □ 



Note that there is no similar simple relation between A*p^f^{Y, E^n^dip)) and A*p^^{Y, E((k® 
if)). In particular, A and (5_f do not commute, hence A does not act on A*p^f^{Y^ E{tt (/j)). 

We now return to the case of convex cocompact T acting on M//". 

Proposition 7.14 The inclusion Ap{Y, E{TT<Sif)) C Q*{Y,E{TTfSi<f)) is a quasi-isomorphism. 

Proof. It is clear that this inclusion induces an isomorphism on H^. Let p > 0. Then by 
Proposition |]3| and Proposition |t] the space ZP{A*p{Y, E{Tr(g)(f))) of p-cocycles of A*p{Y, E{'k® 
if)) is isomorphic to ^ C~'^{dX,V^ {a'^-^ iV'))- For I > k^{a^^ ,ip)) we set 

^^ooKZ-.'^) ■■= ^^mic-'iB^V^ia-p^C^,^))) 



Arguing as in the proof of Theorem 5.5 we find that 



^C--{dX, V^{a-p;l_^,^))/Et^{a-l_^,^) - ^C-{A, V^{a-p;l_^,^))/EX{a-l_^,^) . 
We obtain the following commutative diagram 
^C--{dX, V^a-p;l_^,^))/Et^{a-^l_^,^) ^ ^C--{A, V^a-p;l_^,^))/EUa-^l^^,^) 

lb ic 

HP{A*p{Y,E{7r0ip))) HP{T,F(^V^). 



By Theorem 6.3 the map c is an isomorphism. Since a is an isomorphism, h is surjective, and 



c = i o b o a, we conclude that i (as well as b) is an isomorphism. The proposition follows. □ 



Proposition 7.14 together with Lemma 7.13 shows that the inclusion Ap{Y, E{tt (8> (f)) C 



Q*(Y, E{7r ^p)) is a quasi-isomorphism which proves the first half of Theorem |7.12[ 
Lemma 7.15 £;l^(a^X- = (^C— (9X, F+(a^-£_ , ^))' 



7.3 The Harder-Borel conjecture 
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Proof. We set E' := Qr (^C-°°{dX,V+{ap~^ ^ ,99))). As in Lemma WJ§ we obtain for 



On the other hand we have by Corollary 5.4 and Corollary 6.2 



E' C im£,r n C~^{dX, y+(cT^J„_^, ^)) = Et^{a''-l_^, ^) . 
The lemma follows. 



□ 



Corollary 7.16 HP{A*p{Y,E{tt ® ^))) ^ ZP{Ay{Y,E{T: ® '^)))/ ^[ZP{A*p{Y,E{t: ® ^)))) . 



Proof. For p = the assertion is obvious. If p > 0, then the space on the right hand side is 
isomorphic to (compare Corollary |5] 



which in turn is equal to 



by Lemma 7.15| . The latter quotient is isomorphic to HP{A*piY,E{'K ® ^p))) via the map h 
appearing in the proof of Proposition 7.14. □ 



Proposition 7.17 The inclusion A*p ^i^{Y, E^TTf^cp)) C Ap{Y, E^ntSip)) is a quasi-isomorph 



ism. 



Proof. We first prove injectivity. Let u € ZP{A*p ^f^{Y, E{tt p))) such that [uj] = in 



HP{A*p(Y,E{7r p))). By Corollary there exists an element V e ZP{A*p(Y, E{7r » p))) 
such that 

u; = AV' = d{6ij) . 

Now Sip E A^p~^\{Y, E{tt ® p)), hence M = in HP{A*p^^f^{Y, E{^ ® p))). 

Y is orientable. Therefore there is a Hodge-*-operator on ^*{Y). It induces an operator 
* := * idE(,^^) : A^piY, Ein ® p))) ^ ^^-^(y, ^(vr ip))) 

satisfying 
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Now we can prove surjectivity. Let uj G ZP{A^{Y, E(tt <Si ^p)))- We want to find an element 
T] G A^p^^{Y, E{iT0ip))) such that 6{u!-dr]) = 0. The element cj) = *^'^ is exact in A*p{Y, E{tt® 
ip)). Thus by Corohary we have (/> = AV' for some G Z'^+^-P{A*p{Y, E{tt 99))). Now 
T] = (— l)(p~i)("~i) * if) does the job. This finishes the proof of the proposition. □ 



Note that by the results of Section ^ the space of cocyles ZP{A*p ^^{Y, E{-k tp))) is iso- 
morphic to Zp~'^{{p) n C^°°{dX,V^{a'^~^^_^,ip)). The surjectivity assertion could also have 

been proved by showing that Zp''^{ip) n C^°°{dX, V^{a^~^ ,ip)) is dense in Zp~^{{p). This 
is indeed possible by a refinement of the proof of Corollary 3.16| . 



Proposition |7.17| , while interesting in its own right, has no direct impact for the proof 
of Theorem 7.12| (except for the case vr = 1). However, we will use the technique employed 



in its proof in order to show that the inclusion A*p ^f^{Y, E{7r ® ^p)) C A*p{Y,E{Tr ® 99)) is a 
quasi-isomorphism. For this we need the following analogue of Corollary 7.16| 



Lemma 7.18 HP{A*piy,EiTT ® ^))) ^ ZP{A*piY,E{Tr <g) ip)))/AF iZP{A*p{Y,E{Tr <E) ^)))) . 



Proof. We employ the decomposition ( p^ ) which is stable under the action of C[Ai?]. For 
p > the space ZP{A*p{Y,E{tt ® 99))) is isomorphic to ^C-'^{dX,V+{ap~P^_ ,ip)). Us- 
ing that Ap = —Q + Kp we find as in the proof of Corollary ^.4| that this isomorphism 
sends Af (^ZP{A*p{Y, E{Tr ® (p)))) to (^^C~°°{dX,V+{apJ^^^,^ which is isomorphic to 

A (zP{A*p{Y, E{tt (g) ip)))) . Now Lemma |1| and Corollary |7l| imply 



HP{A*p{Y, E{7T 99))) ^ ZP{A*p{Y, E{tt ® ^)))/Af [ZP{A*p{Y, E{n ® 99))) ) . 
Thus it remains to show that 

A,. : ZP{A*piY, E{n ® 99))^) ^ ZP{A*p{Y, E{7t ® 99))^) 

is surjective. 



In the same way as Corollary p.4| has been derived from Theorem p.l\ one shows that 

ZP{AUY,E{7r^^))R)^ rC7-°°(aX,y+K"^^®V9))>^^ . (94) 

Aea;\{±({p-l)a-p)} 

The sum on the right hand side is finite. It is therefore sufficient to show that 

A := -flp + KF ■■ ^C-°^{dX, V+ial'P, vr ® 99)) ^ ^C-°°{dX, V+{al-P, vr ip)) (95) 
is surjective for all A appearing in (p^). 



As in in the proof of Proposition 6T we see that the G-representations C^°°{dX, V^{a]l~^, vr)) 
have composition series with composition factors of the form C~°°{dX,V^{a'^,^^-^)). There- 
fore there exist pairwise different non-zero polynomials pi on 0£ and natural numbers ki, 



1,. .. ,r, such that U'i=ii'^ - P^i^^)) acts by zero on C-°°{dX,V{a]^~P ,tt (g) ip)). 



7.3 The Harder-Borel conjecture 
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Then we can find non-zero polynomials qi £ C[a^][x], bi £ C[a^] such that 
XQiix, n)Y\_{x - pjifi))''' =bi{iJ,) mod {x - pi{^))^' . 

We now introduce a rational family on of operators in C[A] by 



We now fix A appearing in (pil). For ^ in a pointed neighbourhood of A the family is 
regular and we have 



(96) 



Recall the definition of I^^' from Section ^. For a = ^ one checks that 

p = l,n 

/r-na; = <( {{p-l)a-p} ii±l<p<n-l 
{p-{p-l)a} 2<p<f . 



Thus all the pairs (o"" ^, A) occurring in (p^) are not special. Proposition 4.11 implies that 

^C-^idX, y+K"^ 7r0^))= i^^^(ar^ tt^^). 



Let now / G °°{dX, V^{a^ ^, vr (/?)). Arguing as in the proof of Corollary [4.15 we find 
a family G r_y^^(3.-oo(^j^^ V{a,,'n: such that / = ev{f^). Then 

satisfies = / in view of (|96[). This proves the desired surjectivity. □ 



In order to finish the proof of Theorem 7.9 it remains to show 



Proposition 7.19 The inclusion A*p ^^{Y, E{tt®lp)) C A*p{Y, E{7r(^ip)) is a quasi-isomorph 



ism. 



Proof. We will argue similarly as in the proof of Proposition |7.17| . The proof of injectivity is 
straightforward. Indeed, let uj G ZP{A*p^h{Y,E{Tr(g>ip))) such that [uj] = in HP{A*p{Y, E{Tr (g) 



(p))). By Lemma 7.18 there exists an element S ZP{A*p{Y, E(tt f))) such that 



Now 6fiIj G A'^p-^liY, E{tt (g, hence [uj] = in HP{A*p^i^{Y, E{tt (g, if))). 
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The proof of surjectivity needs a little preparation. Let g = t © p be the Cartan decompo- 
sition. Let {r,C°°{T\G,ip)) be the G-representation given by 

C°°(r\G, ^):={f:G^V^\ f{gx) = ^{g)f[x) G L, x G G} , {T{g)f )(x) := f{xg) . 

Then one can identify VL*{Y, E{tt ® ip))) with [C°°(r\G, ip) (g) F (g) A*p*]^. Any element X G p 
defines operators e{X) : A^p* A^+^p* and i{X) : A^p* AP-^p* given by e{X){uj) = X^Alo, 
where X^ is the 1-form corresponding to X via the invariant bilinear form on p, i.e. the 
Riemannian metric on Y, and i{X){uj){Yi, . . . , i^-i) = uj{X, Yi, . . . , l^-i). Let Xi, i = 1, . . . ,n 
be an orthogonal basis of p. Using the above identification we have 

n 

d = ^r{Xi) (g> id (ge{Xi) + id (g) TT{Xi) e{Xi) , 

i=l 
n 

= Yl ~^(^») ® ® ^(^») + ® ^(^») ® ^(^i) ' 

i=l 
n 

S = Y -r{Xi)(g) id (g)i{Xi) -id (g)'K{Xi)(g)i{Xi) . 

i=l 

Let : G — > G be the Cartan involution. We define a new representation vr^ on F by 
7r^(g() := Tr{6{g)). F equipped with the representation vr^ will sometimes be denoted by F^ . In 
particular, we have vr^|^ = tt^j^, TT^{Xi) = — ■7r(Xj). Thus we can identify the bundle E{tt^ ^ip) 
with E{Tr <g if). This identification induces on E{Tr ^ ip) a second flat connection, and hence 
on i^*{Y,E{'K (g) p))) operators dg, 5p0, and de- The above formulas show that 5f = 6e and 
6pe = 6. In particular, 6f = (— * dg*. Note that for the corresponding Laplacians 
we have Ap = Ape, whereas in general A 7^ Ag. 

Let Bg{A*p{Y, E{-K (g p))), Zq{A*p{Y, E{'k © p))) denote the spaces of p-coboundaries and 
p-cocycles of the complex {Ap{Y, E{tt (g p)),dg), respectively. We will need the following 



Lemma 7.20 BP{A*piY, E{tt (g p))) = Ape{Z^{A*piY, £{7: g> p)))) . 



Proof. If vr^ = vr, i.e. Xf« — XF, then there exists a bundle automorphism of E^tt p) which 
intertwines dg with d, Spe with 5p. Thus in this case the lemma follows immediately from 
Lemma 7.18 . In order to deal with the opposite case (which can occur for odd n, only) we 
observe that similarly to ( |9^ 

© ^C-^{dX,V+{al-'',^'^ (gp)Y^ 

Aea;\{±({p-l)a-p)} 



Zl{AUy.E{7i(gp))) 



n+l Tf „ ^ n+1 
2 • P i- 2 



for p / If p / ^ one has to replace C-°^{dX,V+{a'^^~\^^_^, 



vr^ (g p))^P by 
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We claim that if Xf<> / Xf, then C'^{dX,V+{a'^-]'^^^_^,TT^ ip))^^ = {0}. Indeed, using 
Proposition |6.1| we obtain 



lC^(p_l)„_p 






lC^(p_l)„_p 






^ {p—l)a—p 







Therefore the surjectivity of the operator A in (95) imphes the lemma in this case, too. □ 



Now we can prove surjectivity. Let oj G Z^{A*p{Y, E{tt <p)))- We want to find an element 
rj G A^f\Y,E{TT(^ip))) such that dpiuJ-dr]) = 0. We have *<5irw G Bg~^^"P{A*p{Y, E{tt 0ip))). 
Thus by Lemma [7^201 there exists V G -^^ ^^"^(-4f(^' ^(^ ® V?))) such that *5fu; = A^^V = 
dgSil^. Now ry = (— * -(/; does the job. This finishes the proof of the proposition. □ 
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8 Hyperfunctions on the limit set as coefficients 



We return to the assumptions of Sections ^ and That is, F is a discrete (torsion- free) 
convex cocompact subgroup of a hnear rank one Lie group G. In the present section we want 
to study the cohomology of T with coefficients in the infinite-dimensional T-representations 
C~'^(A, y'^((TA, 95)) and C~''^{A,V^{a\,ip)). Their invariants, i.e. the cohomology groups 
H'^iT, .), have been already investigated in Sections Q-^. In this section we want to understand 
the higher cohomology groups, too. At all places, where we use the extension operator ext\ 
and the spaces E^{ax, (p) we have to assume that X ^ OH'^ (or that Re(A) > (^r + ^^i^)- 

This study is motivated by the theory of the Selberg zeta function associated to an irre- 
ducible M-representation a and a finite-dimensional T-representation (p. Note that any element 
7 G r is conjugated in G to an element m^a^ £ MA'^. Then for G o^, Re(//) > 6r + 6^^, the 
Selberg zeta function can be defined by the infinite product 

00 

Zs,a,<fip) -=1111 (id\/,(xDSfe{n)®Kp - a-2''((T^ 5''(Ad|n))(m^a^) O 99(7)) . 
[7] k=o 



Here the first product runs over all non-trivial primitive conjugacy classes of F, and S''^ denotes 
the /c-fold symmetric power. For a discussion of the geometric meaning of this formula we refer 
to 1 29 1, 1 15], |4C]. It is a folklore theorem that Zs,a,ip admits a meromorphic continuation to 
all of aj. For cocompact F this has been proved by dynamical methods in and at various 
places by trace formula methods (see ||4^, |jl^ and the literature cited therein). In the latter 



approach one has to assume to be unitary. The dynamical methods also work for the general 
convex cocompact case as has been explained in [^], Sect. 2, while the trace formula methods 
developed up to now (see |58|, |22|) imply only that the logarithmic derivative of Zs^a,ip is 



meromorphic. In Patterson conjectured a precise relationship between the divisor of 
Zs,a,'fi (again for trivial if) and the cohomology groups H*{T,C~°^{A,V{ax,ip))). Guided by 



the experience gained in the work [14|, |19| on this conjecture we now state a slightly modified 
conjecture. Recall the definition of the natural number k+{a\,ip) from Proposition |4.12 , 



Conjecture 8.1 



(i) The cohomology groups i?*(F, C"'^ (A, F''(cta, (/?))) and H*{r,C-'^{A,V+{ax,(p))) are 
finite- dimensional. 

(a) The Euler characteristic satisfies ^(r, C~'^(A, V^{ax, (p))) = for all A; E N. 
(Hi) Ifk> k+{ax, if), then dim/7*(F, G^^{A, V''{ax, (/?))) = dim/7*(F, C-'^(A, V^+{ax, v?))). 



(iv) If k > k^{ax,'P'), then 

x{r,G-^{A,V+{ax,m = -Xi{r,G~^{A,vHax,m , 
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where for any F -module V with dim H* (T , V) < oo the first derived Euler characteristic 
Xi(r,y) is defined by 

n 

Xi{r,V) := J^(-l)fpdim/7P(r,F) . 

p=i 

(v) The order of the singularity of Zg^^^^ at /j, = X is given by 

oidx{Zs,a,^) = x(r,c--(A,y+(aA,^))) . 

For a further discussion of this conjecture we refer to the introduction of ||19[. There the 
role of the T-module C-'^{A,V+{ax,(p)) is played by the T-module OxC~'^iA,V{a,,<f)). It 
will turn out that the module C~^{A, V~^{ax, ^p)) is much easier to deal with, but will have the 
same cohomology as OxC~'^{A, V{a,, ip)) shifted by degree one (at least in the cases, where the 
latter has been computed). The conjecture (in slightly different but equivalent formulation) 
has been proved in the following two cases: 

• r cocompact, ip = 1 ([p^]). 

• X = RH'^,a = ip = l (H]). 



The interested reader will find a discussion of these topics and related results and conjectures 
in the recent monograph [^]. 

In this section we will establish Assertions (i)-(iv) of Conjecture for pairs {a, A) which 
are not very special (see Definition 4.7) and for all {a, A) in case X = Mi?". This will be done by 



an explicit calculation of the cohomology groups in question in terms of the finite-dimensional 
spaces ^C~°° {AjV^ {ax, ^)), E^{ax,^) and H^{T,F (g) V^), where F is an irreducible finite- 
dimensional representation of G. These results give additional support to Assertion (v) of 



Conjecture SA since the trace formula approach (if it succeeds) usually provides a description 
of the divisor of Zs,cT,tp in terms of scattering data like Ej^{ax,ip) and topological data like 
HP(T, Ff^iV^). Indeed, the results obtained here are a direct generalization of the corresponding 
results for X = M.H"', a = 1, obtained in [^], which were comparable to the trace formula 



results of |^]. However, the trace formula for the general situation (see |22| for trivial (f) is 
up to now not in a sufficiently explicit shape in order to perform the analogous comparison, 
except for A /q U [— ^r, ^r], where we have 

ordA(Z5,.,i) = dimrc-°°(A,y+(aA)) = x{r,C-^iA,V+{ax))) 
(see Remark 3 at the end of p2| and Theorem below) . 



We will first investigate the cohomology of the modules C"'^{dX,V'^{ax,^))) and 
C~^{dX,V~^{ax,^)))- Therefore we have to look for suitable acyclic resolutions of these 
modules. This can be done for arbitrary discrete subgroups T C G. Recall that a T-module 
V is called acychc, if HP{T, V) = {0} for all p>l. 
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Let (7, Ky) be a finite-dimensional representation of K. By ^(7) := G we denote 

the associated homogeneous vector bundle on X = G/K. We equip 1^(7, (^) := ^(7) ® 
with the tensor product F- action. The G- action on the first factor of ^(7, (p) induces a F- 
equivariant action of Z{q) on C°°(X, 1^(7, (/?)). In particular, for k € C and /c G N the kernel 
C°°(X, y(7, <^))^fe of the operator := (fi — k)^ G ^id) becomes a F-module. Because of our 
rank one assumption Z{q) acts locally finitely on C°°{X,V{'y,(p))j^k, and we obtain a finite 
direct sum decomposition 

C~(X, y(7, ^))^. = C^{X, y(7, ^))^. (97) 
{x I x{n)=«} 

into -Z(g)-modules with generalized infinitesimal character. This decomposition respects the 
F-action. We also consider the F-modules 

C^{X,V{j,ip)\A^) := \JC^{X,Vij,^)U,, 

c^{x,v{^,^)r = [jC^{X,V{j,^))l,. 

ken 

We form the bundle Vyi'j, ■= F\F(7, (p) over Y = r\X. Then we have the corresponding 
spaces of sections C°°(F, VV (7, (/?)), C°°(y, Fy(7, (^9))^/= etc. 



Lemma 8.2 Let T G G be a torsion-free discrete subgroup. Then 

1. IfV is not cocompact, then the F-modules C°°{X,V{'y,(f))j^k and C°°{X,V{'y,(f))''i^. are 
acyclic. 

2. IfV is cocompact, then 

dim//o(F,C°°(X,y(7,v?))^.) = dim//i(F,C°°(X,F(7,v9))^.) 

= dimC°°(y,yy(7,v7))A^ < 00 , 
dimil0(F,C-(X,F(7,^))^,) = dimJ/i(F,C-(X,F(7,<^))^,) 

= dimC~(F,Fy(7,<^))^, <oo , 

and 

HP (f, C~(X, y(7, ip))^k) = HP (f, C^{X, F(7, cp))^,) = {0} for allp>2. 

3. If F is cocompact, then there exists a minimal number ko G No such that 

i/0(F,c~(x,F(7,^))(A.)) =c~(y,vv(7,<^))(A.) = c~(y,yy(7,^))^.o • 

//, in addition, ip is unitary, then fco < 1. 

4. In any case, the modules C°°{X,V{'~f,ip))(^A^) and C'^{X,V{'y,(p))^ are acyclic. 
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Proof. Let C[74k] be the ring of all polynomials in Af^. Wg consider functors Fin/^, h G and. 
Fin on the category of C[^/^]-modules defined by 

Finfc(y) := kery , Fin(F) := |J Fmk{V) . 

km 

They are left exact. Let us denote their higher derived functors by Fin^ and Fin''. Then (see 
p. 52) Fin| = Fin^ = for all A; and g > 2, and 

Fin^(F) := cokery^l^ , Fin^(l^) := limcokervA^ , (98) 

~k 

where the limit has to be taken with respect to the map A^^ : cokery^K ~^ cokeryA^"'"^. 

Assume we are given a (C[r], C[ylK])-bimodule which is acyclic as a F-module and satisfies 
Fin}(y) = 0. Then Fin^(F) = Fin(F) = for all k. It follows that 

HP{T, Finfe(T/)) = Finli^V) , HP{T, Fm{V)) = FmP{^V) . (99) 

We want to apply (|9|) to the module V = C'^{X,V{-f,<p)). In [|l4|, Lemma 2.4., it was 
shown that C°°{X, ^^(7)) is F-acyclic. The argument given their also works with the additional 
twist Vy,. Hence C^{X,V{'y,ip)) is acyclic. Moreover, the operator 

A, : C7°°(X,y(7,y.)) - C°°(X,y(7,y.)) 

is surjective by Theorem ^J. In other words, FinJ(C°°(X, 1/(7, 99))) = 0. Now (H) and (|9|) 
yield 



Hp(f,C^{X,V{j,^))a.) = F^(r,C°°(X,y(7,^))(^.)j ={0} forallp>2, 

Fi(r,c°°(x,y(7,v^))^.) = coker(^^c°°(y,yy(7,v^))-c°°(y,Fy(7,(/^))) , 

i/i(r,C-(X,y(7,v^))(A.)) = limcoker(^^C-(y,Fy(7,¥^))-C-(y,W(7,V^)) 

k 

In particular, if F is not cocompact, then 

(f, C^{X, y(7, (^))^.) = (F, C^{X, y(7, ^))(^^)) = {0} 



by Theorem 



We claim that for cocompact F there exists ko £ No such that 

C-(y, Vy{j, ^)\a^) = C^{Y, W(7, V'))^^o 

is finite-dimensional and 

C^{X,V{j,^)) = C^{Y,Vy{7,^))^.o®A^^ (C-(y, W(7,V'))) 



88 



8 HYPERFUNCTIONS ON THE LIMIT SET AS COEFFICIENTS 



Indeed, if (/? is unitary, then this assertion with fco = 1 is a consequence of the spectral theory 
of ehiptic selfadjoint operators on a compact manifold. If <p fails to be unitary, we choose a 
Hermitian metric on Vy{^) which gives rise to an scalar product on C°°(X, ^(7, (/j)) and 
a corresponding Bochner-Laplace operator V*V on L^(X, y (7, (/?)). It has the same principal 
symbol as — A^. Now we can argue as in the proof of Proposition |2.9| . 

The claim implies in particular that (T, C^{X, V{^, ^p))(Ak)) ~ limcoker^^ = 0. Thus 

k 

all assertions of the lemma concerning RP (t, C°°{X, ^(7, and (T, ^(7, 

are now proved. 

The assertions for the components with generalized infinitesimal character x ^-^'s now im- 
mediate consequences of the direct sum decomposition (^7|). □ 



Let 7 be a finite-dimensional representation of i^T, and let T £ HouiMiVajV^). Then 
Formula ( |5^ ) (with 7^ replaced by 7) defines a Poisson transform 

Pj^ : C-^{dX,V{ax)) ^ C^{X,V{^)) . 

By G-equivariance it has values in C°°{X,V{'j))''^'^^, where 

Recah that Xa,\{^) = (A, A) - + \\fi + p^f. 

We call an element T G Homjv/ (Kr, V^) generating if the elements vt S C^{dX,V{a^\)), 
V e V^, defined by VT{k) = T*{j{k'^)v), generate the G-module C-^{dX,V{a-x))- It follows 
from the interpretation of the Poisson transform as a linear combination of matrix coefficients 

that Pj^ is injective if and only if T is generating. For any pair (cj. A) one can always find a 
(not necessarily irreducible) 7 such that Hom^f (Fo-, V^) contains generating elements. 



Proposition 8.3 Assume that A 1^^' . In case Po-(O) ^ we require in addition that A 7^ 0. 
Then for any generating T G Homjv/ (Kr, Vj) the Poisson transform Pj^ identifies the G-module 
C-^(5X,y(cJA)) with a direct summand 0/ C°°(X, 1/(7))^^'^^ . Moreover, if X ^ I^"' , then any 
non-zero T £ HouiMiVa, V^) is generating. 



Proof. The proposition is a consequence of the theory of asymptotic expansions of matrix 
coefficients of Harish-Chandra modules (see e.g. [^8|, Chapter 4; |44|, Chapter VIII; compare 
also Q). We denote by Y^^ and Z the underlying (3, i^)-modules of C~'^{dX,V''{ax)) and 



C°°{X,V{j))'^'^ , respectively. They are admissible and finitely generated (such modules are 
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usually called Harish-Chandra modules). Then C-'^{dX,V''{ax)) and C°°(X, ^(7))^;^^ con- 
stitute the maximal globalizations in the sense of Schmid |6^, of Y^^ and Z, respectively. 
By the main theorem of |61] or |42] it is therefore enough to prove that Pj^ identifies the 
(g, i^)-module Y^ x with a direct summand of Z. 

There is a countable set E C such that any f £ Z has an asymptotic expansion for 
a — > cxD 

/(a)~ j;p^j(loga)a^ (100) 

^J,&E 

where p^j are polynomials on a with values in Vy. We call p E E a leading exponent of Z, if 
Pfi+ma,f = for all m G N and f £ Z. Let E'- C E he the set of leading exponents of Z. If 
a' £ M, S £ HomM(V^, V^') and p £ E\ then there is a well-defined M^A^-equivariant map 



given by [5^, „_(_„([/]) := S op^j. Using that Z consists of eigensections of Q, it follows as in the 



proof of |14|, Prop. 4.1, that for any leading exponent fi 7^ —p of Z the polynomial p^j is in 
fact a constant. In addition, if —p is a leading exponent, then deg(p_pj) < 1. By Casselman's 
Probenius reciprocity (|6^], 4.2.2) we obtain (g, /C)-equivariant maps 

f3^,^, : Z ^ y,,,, , u-peE'\ {-p}, S G HomM(K,, V^,) . 
If —p e E'-, then we obtain maps (3^, ^ : Z ^ Y^, q. We then set 

We call the maps (3^, ^ boundary value maps. 



For Re(A) > 0, / G ^,A) we have the following limit formula (see |66] or 
Thm. 5.3.4) 

hm a^-^Pjj(a) = c^(A)r/(l) . 



also 



(101) 



For a discussion of the meromorphic function : — > EndA/(l7) and its relation to the 
Knapp-Stein intertwining operators we refer to [^l|. Section 5, in particular Lemma 5.5. It 
is regular for Re(A) > 0, A 7^ 0, and in this region it has the property that c^(A)T 7^ for 
generating T . 

If — /3 is a leading exponent of Z such that the map /?^, ^ is non-zero, then 1^',^ has 

infinitesimal character Xo-,A- Thus, if A G 1^"^ \ , then A — p is a leading exponent 
of Z. Hence ^ is defined on Z. Moreover, by Lemma 4.8, 3, we have A > 0. Choose 



So e RomM{Vy,Va) such that So o c^(A)r = id. Then (|lOl| ) imphes that o Pj^ = id. It 
follows that 

Z = imPj^eker/3f°;, , (102) 



which proves the proposition for A G I^^ \ la""' 
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We now assume A I^*", Re (A) > 0. Choose m G Nq minimal such that A — p + ma G i?'. 
We first assume that m > 0. By the above we obtain a bunch of boundary value maps 



Let us denote the irreducible M-representations a' which appear in such non-zero boundary 
value maps by u^", . . . , a™. The maps /3^m x^^a^ ^ Homj\//(V^7, ^ap), fit together to a map 

k 

P\+ma = (/3o-5",A+ma, • • • , /5o-™,A+ma) : Z ^ HomM ( V^™ , ^^7) ® ^o-™,A+ma 

1=1 

determined by the condition {S id) o /3CT™,A+ma = Z^^™ A+ma' ^ Homj\/(y^, Va-p). Here we 
have identified EndM(^™) with C by Schur's Lemma. We also have a Poisson transform 

k 

Px+ma ■ ^ HomA/(T4™ , Vy) » y^^.A+ma ^ 

given by P\+ma{T ® f) := Pjm /, T G HomM(Kr" , ^7), / G 'i^a™,A+ma- Let c^(cr,A) denote 
■ ■:> operator on HomM(V"o-, V^) given by c-y((T, A)(r) := c^(A) o T. Now ( [101[ ) implies that 

/?A+mQ o -PA+ma = (£7(0-1, A + ma) (g) id, . . . , c^(iTfc, A + ma) ® id) . 

Since the (g, ii')-modules yCT[",A+ma have infinitesimal character X(t,x they are irreducible by 
Lemma 4.6. This implies that c-y((t[", A + ma) is a non-zero multiple of the identity. Thus 
Px+ma ° Px+ma IS bijective, and we obtain a direct sum decomposition 

Z = imPx+ma © ker /^A+ma • 



Set Zi := ker Px+ma- Then A — p + (m — l)a is a leading exponent of Zi. Therefore we can 
define a boundary value Px+{m-i)a on Z\. Moreover, by (101) or a corresponding formula for 
Re(A) = (see [21|, Lemma 6.2) we have imPj^ C Z\. Arguing inductively we find a direct 
sum decomposition 

Z = W®Zra, (103) 

such that A — /9 is a leading exponent of Zm and imPj^ C Z^ 
ogous formulas for Re(A) 
such that 



Again using ( [LOlD or the anal- 
we find as in the proof of ( 102 ) an element G HomA/ (V^, Vfj) 



Zm = iinPj^ekerP^°^ 



(104) 



Note that this last argument does not work in the case PaiO) 7^ 0, A = 0, since in this case 
degp_p pT / = 0, and hence o PJ"^ = for any choice of S. Now for Re(A) > 0, A I^^ the 
proposition follows from ( [103D and (104). That any non-zero T G IlomMiVa, Vy) is generating 
is a consequence of the irreducibility of y^-.A (see Lemma 4.6 and p^ ]. Cor. 14.30). 



It remains to discuss the case Re(A) < 0, A I^^^ . The irreducibility of yo-,A and the func- 

imP^ , 



tional equation of the Poisson transform (|21], Eq. (18)) now implies that imP^ 
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where T := lim p^{fi)j{w)c^ {fi)T a {w ) G liom.M{Va-^ ,Vj). Moreover, T / whenever 

r 7^ 0. Note that —A I^w. We have therefore reduced the assertion to the case Re(A) > 0. 
This finishes the proof of the proposition. □ 



Let g : n — > C, q{h) = /i(0), be the map taking the constant term. For T G KouiMiVa, V^y) 
we set r+ := T g e RomM{V„ O n, Vy). Let T'' be the restriction of r+ to V„ n''. As in 
Section ^ we obtain Poisson transforms 

pj^ ■.c-^{dx,v>'{ax)) - c-(x,y(7)), 

Pj;:C-(5X,y+(aA)) - C^iX,Vij)). 

Using (^) one derives that 

A^^x o if/ = if/ o ^?(2(A, a) + |a|2f,) . (105) 

For A 7^ this imphes that P]:^ is injective whenever Pj^ is injective. Moreover, we see that 
Pj* and Pj/ have values in C°°{X,V{-/)f/^^ and C°°(X, y(7))^->\ respectively. 



Proposition 8.4 Assume that A /a''' U {0}. Then for any generating T E HomM(V^, V-y) 
the Poisson transforms Pj^ and Pj^ identify the G-modules C~'^{dX,V''{ax)) and 
C''^{dX,V+{ax)) with a direct summand o/ C°°(X, 1/(7)) J;^ and C°°(X, y(7))x-.\ respec- 

CT, A 

tively. 



Proof. We will follow the lines of the proof of Proposition |8.3| . Again, it is sufficient to 
check the assertion for Re(A) > on the level of the underlying (g, i^)-modules. Let be the 
underlying (g, i(')-module of C°°(X, V^(7))'^fc'^ ■ Then any f G has an asymptotic expansion 

of the form ( [lOOD , where the set of (leading) exponents of Z^ coincides with that of Z. For 
any leading exponent p 7^ —p we have degp^j < A; — 1. Thus we obtain boundary value maps 

, : Z'^ ^ Y^, , y-peE'\ {-p], S G HomM(V^7' ^-') > 



and, if m is as in the proof of Proposition p.3| , 

r 

1=1 

We define 

r 

: HomM(K- , V^) Y^^ 

1=1 



by P^m (T /) := Pjm f. Since Px+ma ° Px+mn commutes with the action of the 
Casimir operator and with the projections on the direct summands it commutes with id (8) 
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(here one uses A + ma / 0, compare ( 105 )). Thus the bijectivity of (3x^rna ° Px+ma on 



0[^iHomAf(V'f,™,y^) (g) Yap^x+ma imphes the bijectivity of (3x+ma o Px+ma 



0[^i HomA,/(F^jn, y^) Y^rn^y^^,^^. It follows that 



on 



where := ker Px+ma- Inductively we find a decomposition 



z'' = w''e zt 



such that A — p is a leading exponent of Z^ and imPj^* C Z^ . Let Sq be as in the proof 



of Proposition |8.3| . Because of A 7^ we see that /J^*^ o P^^ is bijective, too. It follows that 



e imPj^' e ker (3l\ . □ 



It remains to discuss the case A = 0, J^*". Recall that it is impossible that G 

Twr \ jwr- 
-'0- \ -'c 



Proposition 8.5 Assume that J^*" and that Po-(O) 7^ 0. Then for any generating T G 
HomM(K-, V^) ^/le Poisson transforms P^^ and P^^ are injective. Moreover, P^q'' and Pj^ 
identify the G-modules C~^{dX,V'^^{aQ)) and C^'^(9X, l/+(a"o)) with a direct summand of 
C°°(X,y(7))^"/ andC'^(X,Vhm-'0, respectively. 



Proof. If P^^ would have a nontrivial kernel then it would intersect C ^{dX, V{aQ)) nontrivially 



by Assertion (ii) appearing in the proof of Proposition 4.22. This is impossible since T is 
generating. That imPj^'' C C°°(X, V{'^)Y'^^^ is a consequence of ([1051). In order to prove that 



im.Pj^'' is a direct summand of C°°{X, ^(7))^^'^ one proceeds as in the proof of Proposition 



8.4. Arguing exactly as there we arrive at a decomposition 



z^ = W^® Z^ 

such that —p is a leading exponent of Z^ and imPj^j^*" C Z^. For / G Z^ the polynomials 
P-pj have degree at most 2k — 1. For S G HomM(^, V^) we obtain boundary value maps 

pS . ryk ^ \/-2k 

Po-,0 • ^m ~^ -'cr,0 • 

We now consider the limit formula ((2^], Eq. (36)) 

hm aPPlji^a) = c^(0)r/(l) + r-(4o/)(l) , (106) 

a^oo 

where T'"' := ^{w)Ta{w~^). 

Ii a ^ a'^ , then c^(0)T and T"^ have values in the different M-isotypic components Vy{a) 
and Vy{a'^), respectively, li a = a"^, then Y splits into two eigenspaces of J^fl- Therefore the 
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relation between and Jo-,o (see e.g. ||2l|, Lemma 5.5) yields a decomposition T = + 
such that T"' = + and c^(0)T = ,\ (Tf - T^). Moreover, T is generating if and 

only if both components T+ and T_ are non-zero. It follows that imc^(0)T n imT"" = {0}. 
Thus in any case we can find Sq £ Homj\/(y^, Va) such that 5o o c^(0)T = id and 5o o = 0. 
Then o Pj^ = id. As at the be ginning of the proof it follows that /3^g o Pj^,^'' is injective, 
and hence bijective. Therefore, 

which implies the proposition. □ 



We now assume Pa{0) = 0. In particular, I^*" and a = a^. Choose an irreducible 
representation 7 of such that dimHomA//(V"o-, V"^) = 1- Such a representation always exists 
(see e.g. [44|, Ch. XV). Then one can define a meromorphic function c : ^ C by 

c(A)r := {c^{X)Tr , T G HomM(K., V^) . 

The superscript w has the same meaning as in ( |106D . As in Sect. 5, we introduce a 
normalized intertwining operator 



c(-A) 



It satisfies the functional equation 



Ja,-x o J., A = id . (107) 
Moreover, we have the functional equation of the Poisson transform (compare |^T|, (18)) 



By Proposition 3^ the Poisson transform Pj^ is injective for T 7^ 0. It follows that Jg-g = id. 



The normalized intertwining operators induce an operator 

J+ : C-'^{dX,V+{ao)) ^ C-'^{dX,V+{ao)) 

given by 

<^+ew(^) := -ev{J^-f,f-f,) . 
Here G MoC-^{dX,V{a,)). Because of (|107|) we have J| = id. We set 

Ci^{dX,V+{ao)) := {/ G C-''{dX,V+{ao)) \ J+f = ±/} 

and C^'^{dX,V^{ao)) := Cg'^{dX,V+{ao)) D C-^{dX,V''{ao)). Observe that 
Q{C^'^{dX,V+{ao))) = C-'^{dX,V+{ao)). We obtain the following decompositions of G- 
and C[f3^]-modules 

C-^{dX,V''{ao)) = C^^idX,V''{ao))®CZ^idX,V''{ao)) , (109) 
C-'^{dX,V+{ao)) = C^'^{dX,V+{ao))(BCl'^{dX,V+{ao)) . 

We have C^^{dX, V^'^iao)) = C^'^{dX, V^''-^{ao)) and C^'^{dX, V^{ao)) = C-'^idX, VHao)). 
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Proposition 8.6 Assume that Po-(O) = and that dimHomM(V^, V^) = 1- Then q induces 
an isomorphism 

C7i"(ax,y+(ao)) ^ c+"(ax,y+((To)) . 

IfO^Te RomM{V^,V^), then kerPj^^ = CZ'^idX^V+iao)). Moreover, Pj/'"' and P^^ 



identify the G-modules C^'^ {dX,V (c"o)) 0'''^d Cj^^{dX,V^{aQ)) with a direct summand of 

)Xa 



C°°(X,y(7))^"," and C°°(X,y(7))x-.o, respectively. 



Proof. The first assertion is obvious. As in ( |62[) we obtain for / G MqC '^{dX,V{a,)) 

P'^o ° ew(^) = reS;,=oP^^„/^a . 

Assume now tliat ev{f^,) G CZ'^{dX, V+{(Tq)). Then J^,-zaf-za = fza modOoC-^{dX, V{a,)). 
Equation ( [L08D implies that 

Pl,zafza = Pl-zJ-za Taod 0^0-^ {dX ,V {<J )) . 

It follows that Pj^ o ev{f^) = 0, hence kerPj/ D CZ'^{dX,V+{ao)). 

By (|105| ) any nontrivial G-submodule of C'J^^{dX, V'^{aQ)) has nontrivial intersection with 
C-^{dX, V^{ao)). We know from Proposition ^ that ker Pj/ n C-^{dX, V^{ao)) = {0}. It 
follows that kerPj/ = CZ'^{dX,V+{ao)). 

In order to show that Pj^^"'' (CZ'^(dX, V^^~\c7o))) is a direct summand of C°°(X, Vh)fZ,:° 
one proceeds as in the proof of Proposition Instead of the boundary value map 

nS . yk \r2k 
Po-,0 • ~^ ^cr,0 

one uses the map 

where F^^^-i ig the underlying (g, K)-module of C^'^idX, V^''~^{ao)) and p+ : Y^^^"^ ^ 



2fc-l 



is the projection corresponding to (109). □ 



We now combine the previous four propositions with Lemma S.2 



Proposition 8.7 Let T C G be a torsion-free discrete subgroup, and let {ip,Vip) be a finite- 
dimensional representation ofT. Assume that (fx, A) is not very special, i.e., A Ia^~. Then 



1. TheV-moduleC ^{dX,V^{cT\,^p)) is acyclic. 

2. IfTis not cocompact, then for any A; G N the T -module C^^{dX, V^{a\, ip)) is acyclic. 
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3. Let r he cocompact. Then there exists a minimal number = k-^-{a,X) £ No such that 
(r, C-'^idX, V+{ax, ip))) = (r, C"^{dX, V'^+iax, ^)) 



The spaces H° {T, C-^{dX, V+{ax, (f))) and (r, C-^{dX, ^^(cja, ^))) are finite-dimen- 
sional. If, in addition, is unitary, then k^{a,X) < 1 except for p„{0) = 0, X = 0, in 
which case k-^{a,0) S {0,2}. 

4- IfT is cocompact, then 

diniH^ (T,C-'^{dX,V''{ax,^))^ = dimH^ (r,C-'^{dX,V''{ax,v))) < oo , 

HP (T,C''^{dX,V''{ax,^))^ = {0} for all p > 2 . (110) 

In particular, x {T,C-'^{dX,V''{ax,^p))) = 0. 
5. IfT is cocompact, then for any k > k^{a, A) 

X (r, C-^idX, V+iax, ^))) = -XI (r, V'^{ax, ^))) = dim^C-°-{dX, V+{ax, ^)) 

Assertion 3 also holds without the assumption X Tu^~- 

Proof. For any pair (o", A) and a generating T G HomM(V'o-, V-y) the Poisson transform Pj^ : = 

Pj^ (g> idv^ injects C-'^{dX,V^{ax,^)) {C-'^{dX,V''{ao,ip)), if A = and p^{0) = 0) into 
C°°{X, V{'j, f))j^k . Thus the first statement of Assertion 3 is a consequence of Lemma ^.21 , 

o", A 

3. Moreover, for A / we have imPj^*""^' n C°°{X,V{'j,ip))y^k ^ = imPj^*. It follows, that 
^+(0", A) < 1 for unitary tp and A 7^ 0. That this also holds for Pa{0) 7^ 0, A = 0, can be proved 



as in Proposition 4.23 . The case Po-(O) = 0, A = is covered by Proposition |8.6| . 



Assertions 1,2, and Equation ( |110D are immediate consequences of Lemma 8.2, and Propo- 



sitions p.3| , |8.4| , |8.5| , and p.6| , respectively. 

The long exact cohomology sequence associated to 

^ C-^(dX, V\ax, ^)) ^ C-^idX, V+iax, ^)) ^ C-^idX, V+{ax, ^)) ^ 
degenerates to 

O^^C-'^{dX,V\ax,^)) ^ ^C-'^{dX,V+{ax,^))^^C'"^{dX,V'^{ax,^)) 

^ HUr,C-'^{dX,V''{ax,v)))^0. 



Since for cocompact T the space '^{dX,V~^{ax,^)) is finite-dimensional the equality 
dimH° (r,C-'^{dX,V''{ax,^))^ =dimH^ (T,C~'^{dX,V''{ax,^))'^ 
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as well as the remaining assertions of the proposition follow. For Assertion 5 we have also used 



Theorem 3.3. □ 



We now consider the decomposition dX = AuO,. Since the sheaf of hyperfunction sections 
of a vector bundle is flabby we obtain the following exact sequences of F-modules 

O^C-^{A,vHcTx,v)) - C-^{dX,vHcTx,v))''-^C-'^{n,vH'Tx,^))^0, (111) 
O^C~^{A,V+{ax,v)) ^ C-''{dX,V+{ax,v))''-^C~'^{n,V+{ax,y^))^0 . {112) 



Lemma 8.8 The T-modules C^'^{il,,V''{ax,ip)) and C^'^{il,,V+{ax,(p)) are acyclic. 

Proof. Since the action of F on is properly discontinuous and C^'^{Q,V^{ax,'p)), 
C^^{Q,V^{ax,^p)) are the spaces of global sections of a flabby F-equivariant sheaves on 
the lemma can be shown in the same way as [p!^], Lemma 2.6. □ 



Theorem 8.9 Let T C G be a torsion-free convex cocompact discrete subgroup of F, and let 
((^, y^) be a finite- dimensional representation o/F. Assume that (cr, A) is not very special, i.e., 



A ^ la^' . Then Assertions (i)-(iv) of Conjecture 8.1 hold true. In addition, we have 



1. TheV-moduleC "^(A, y+(cjA, y?)) is acyclic. 

2. For allk&n 

d\mH^{T,C-^{KV\ax,^))] = d\mHUT,C-^[KV\ax.^)) 



= dva\E\{ax,f) , ifT is not cocompact 
HP(T,C-'^{A,V''{ax,^))) = {0} for all p> 2. 



3. For any k > A;+(o", A) 

X (F, C-^{A, V+{ax, v))) = -XI (r, C-^{A, V^ctx, ^))) = dim'^C-'^{A, V+{ax, ^)) 



Proof. The case of cocompact F is already covered by Proposition 8.7. We thus assume 



O 7^ 0. By Proposition |8.7| and Lemma |8.8| the sequence ( |112 ) provides an acyclic resolution 



of C-'^(A, V+{ax, 9?)). We thus have to deter mine the cohomology of the complex 

^ ^C~^{dX, V+{ax, if)) ^ C-^iB, V+iax, ^p)) - 
The surjectivity of qb combined with (^) implies the surjectivity of 

res : ^C-'^iOX, V+iax, ^)) ^ C-"(i?, V+{ax, ^)) . 
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It follows that all higher cohomology groups of C '^{A,V^{ax,ip)) vanish. By Proposition 



4.16 we have the following equality of finite-dimensional spaces 

dhnH' {T,C-'^iA,V+iax,ip))) = E+iax,^) = El+iax,ip) ■ 
The long exact cohomology sequence associated to 

now reads as 

^ Ei[ax^ ^) ^ EX{ctx, if) A Eliax, ip) ^ (r, ^-'^(A, V\ax, ip))) ^ . 
Prom this it is easy to derive the remaining assertions of the theorem. □ 



Theorem |8.9| says that interesting phenomena, i.e., higher cohomology groups of 
C"'^ ( A, y+(crA, occur for A G only. In the rest of this section we will determine 

these cohomology groups in case X = Mff". This is based on the results of Sections ^ and |6|. 

From now on let G be one of the groups Spin(l,n) or SO{l,n)o. Recall that in this case 
jwr _ jr have seen in Section ^ that for A G there exist an irreducible G-representation 
(vr, F) having infinitesimal character Xcr,x and an element p G {0, 1, . . . , n — 1} U {+, — } such 
that cja = cTp X . Then we set 



{'n'a^,Fa^) ■■= {tt,F) , l„^=n-p forp/± and l^^ := ifp 



n + 1 

T 

Using the formulas in Section ^ this definition can be made more explicit. Let A = ra, and 
let a have highest weight fi^ = ("ii ). Let i be the smallest number such that 

|r| > mi + — i. Then 

_ ( n + l-i A>0 
~ \ i A < ■ 

Moreover, if n is even, then Fu^ has highest weight 

I I n + 1 
(tti-i — 1, ... , nii-i — 1, |r| + i , mj, . . . , nin^) . 



2 



For odd n this highest weight is given by 

n + l n — 1 

(mi - 1, . . . ,mi_i -l,\r\+i — ,mi, . . . , m^j-a , sign(r)mn-i ) , i < —- — , 

Z 2 2 Z 

n + 1 

(mi — 1, ... , mn^ — 1, |mn^| — 1, sign(mn-i )r) , i = . 

2 2 2 2 

By we denote the spaces of cocycles of (^ for trivial F and (p. If l^^ ^ then Zp '"^^ is 

a G-submodule of C'^idX, V{ax)), whereas for = ^ we have Z^J^ ^ C-^{dX, V{ax)). 

We let G act on both factors the flat vector bundle E(tTu^) := X x F^^ over X. This G-action 
induces a 2:(0)-action on E{'k„^)) ^ Vt*{X) ® F^^. 
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8 HYPERFUNCTIONS ON THE LIMIT SET AS COEFFICIENTS 



Proposition 8.10 If X £ I^, then the following sequences are exact: 



^ C--(9X,y+(aA))^J7'^A(X,^(^.J)g'^-''^'<^^+i 



'(A) 



, 



Z 



d 
d 



(A) 



I d 



'(A) 



O'^+i-'-A {X,E{7r^jf^-^ 



( d ) 



d 



Proof. The proposition is a consequence of Proposition |6.1| , Proposition 5.3, and the surjec- 
tivity of A : Q,p{X, E{TTa^)) — > ^^'^{X, E{7ro-^)). In fact, the exactness of the pieces of the de 
Rham complexes i}*{X, £{■71^^^))'^^^ appearing in these complexes is a direct consequence of 



Theorem 2.7 and the fact that Z{q) acts locally finitely on ^}*{X, E(TT(j^)),:y It remains to 



XtT.A 



o-a;;(A)- 

nn-p+l(^X,E{7T,J) 



show that for a pair of closed forms {oJ,r]) G QP^^{X,E{t[(j^)) 

there exist V G ^^^(X, ^(7r^J)g'^ such that d^j = uj, d * ip = rj. Since H''{X, E{tt„J) = {0} 



Xct.A 



for /c > we find ipo,A G ^^^(^, ^^(TraJ)^^^'^'' such that d^po 



uj, d * ipi = T]. Now by 



1 - V'o) is solvable in ^(^^J)g'^\ We set 



Corollary 'LG the equation Aip2 = 
tP ■=iJ;q + * (i^2- Then d^' = w and d * V = d * ^/^o + dA^2 = d* 1^1 = 7]. □ 



Proposition 8.11 Let T C G be a torsion-free discrete subgroup of G, and let {ip,V^) be a 
finite- dimensional representation ofT. Let A G I^. Then we have for all p > 1 

HP (r, C-^idX, V+{ax, 'p))) = H'-^+PiT, F,, ® V^) . (113) 

// r is not cocompact or if is unitary, then for all k p > 1 there is a natural isomorphism 

HP (r, c-'^idx, v^{ax, v))) = F'-A+p(r, f^, v^) e H'-^+p-\r, f„^ v^) . (lu) 



For cocompact T and general the isomorphism (114) holds for all p > 2, while for p = 1 we 
have 



diuiH^ (r,C-''{dX,V^iax,p)) 



dimF'-A+i(r,F,, F^) (115) 
+ dimH' (T,C'^{dX,V''iax,ip))) ■ 
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Proof. By Lemma the F-module Q'f{X, E{tT(j^ Cg) </?))(a) is acyclic. Since Z{q) acts locally 
finitely on this module nP{X,E{Tr^^ (g) c/?))^^)^ is a direct summand of it, hence is acyclic, too. 
Now Proposition 8.1C| provides an acyclic resolution of C^'^ {dX,V^ {a\, (p)) , namely 



d 

-> . . . > A Kl7r_ (>() io\) ., 

(A) 



l^"(X,^K,®V'))f^;^^0. (116) 



It follows that H* (r, C ^{dX, V~^{ax, (p))) is given as the cohomology of the complex 



^-{Y,E{^^^®p))'ll^^Q. (117) 



( |113| ) now follows from Theorem 2/? combined with the observation that taking the component 
having the correct infinitesimal character does not change the cohomology (compare the proof 
of Theorem 



We now look at the long exact sequence associated to 

Q ^ C-^{^dX,V\ax,p)) ^ C-^{dX,V+{ax,p,)) ^ C-^{dX,V+{ax,p,)) ^ Q . 
We need the following 

Lemma 8.12 Let Qp be the operator induced by g on {T,C^'^{dX,V~^{ax,ip))). Then 
Qp = for all p > 1 . 



Proof. We look at the operator |q| ^>((n + 1 — 2/o-;^)id — g). By (|64|) the Laplacians A on 
n''{X,E{7ra^(g)ip))^^^\ k > l„^ extend it to the acyclic resolution ( pTej) oiC-'^{dX, y+ (tJA ,(/?)) • 

However, the Laplacians act by zero on the higher cohomology groups of ( 1117] ). It follows that 
\oi\'^ Qp{{n + \ — 2lfj^)\d — g)p = forp > 1. Since for l„^ ^ the operator {n + l — 2lay}id — g 
is invertible ((n + 1 — 2lfj^)\(l — g)p is invertible, too. Hence gp = 0. For l^j^ = we extend 
^ by a constant multiple of d* on Q}'^^ {X, E{tT(j^ V'))^^'^^ (see (|66|)) and by the zero operator 

on n^{X, E{tt^^ (g) V?))^^)^ for k > l^^. Again gp = follows. □ 



We continue the proof of Proposition g.ll. By Lemma 8.12 the above mentioned long exact 



sequence gives rise to short exact sequences 

^ coker£.g ^ (p, C-'^{dX, V\ax, ^))) ^ (P, C-^{dX, V+{ax, if))) ^ , 
^ HP-^r,C-'^{dX,V+{ax,^))) ^HP(r,C-^{dX,V''{ax,ip))) (118) 

^ HP (P, C-'^idX, V+{ax, ^))) ^ , p > 2 . 
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8 HYPERFUNCTIONS ON THE LIMIT SET AS COEFFICIENTS 



By Proposition 8^, 3, the space iT,C ^{dX,V^{a\,ip))) is finite-dimensional for cocom- 
pact r. It folbws that dimcoker^g = dimker^g = dim (r, C-^(5X, F'=(c7a, ¥?)))• This 
imphes ([L15D. 



It remains to construct a split of ip in the sequences ( 118 ) except for p = 1, T co- 
compact, if not unitary. The second complex in Proposition ^.10| gives rise to an acyclic 



resolution of ZpJ"^ ® V^. Sending a cocycle uj G Z'-A+P(y, ^(vr^^ ^ °^ ® *° 



(a;,0)Gf]'<^A+P(y,£;(vr.J)g'^^ 



f]"~'-A+P(y,^(7r„J)g'^^ defines for p > 2 a map 



qp : HP (r, C-^idX, V+ia^, ip))) H^ (V, Z^^ ® V^,)) 



(119) 



Using Hodge theoretic arguments as for example in the proof of Proposition 8.10 we see that 



n-la 



Qp is also well-defined for p = 1 unless F is cocompact and not unitary. Let j : Zp^ ^ ^ 
C~^(dX^ V^{(j\^ if)) be the inclusion. Then by construction (i o j)p o = id. Thus jp o qp 



provides the desired splitting. 



□ 



Using the second sequence in Proposition B.IOI one can also compute the higher cohomology 

~n—l 

groups of Zp^ U^. We find for p > 1 (p > 2 if P is cocompact and Lp not unitary) that 



HP ( P, ® V^) ^ H^-^+P{T, F,, ® V^) e //"-'-A+P 



{T,F^^®V^) . 



Now we assume P to be convex cocompact. In order to get a uniform description of the 
cohomology for all cases including cocompact P we let E~j^{a\, ip) be the kernel of the surjection 
C~'^((9X, V'^{(Txi p)) H'"^>^ (P, Fq-^ (8> V^) appearing in Theorem |6.3| . Then for noncocmpact P 
we have E]({ax, p>) = E^{(Tx, p), whereas E]({ax, p>) = {0}, if P is cocompact and p is unitary. 



Theorem 8.13 Let T C G be a torsion-free convex cocompact discrete subgroup ofT, and let 



X I^. Then Assertions (i)-(iv) of Conjecture 8.1 hold true. More precisely, we have 



1. For allp>l 

HP (P, C-'^(A, V+iax, p))) = H'^^+PiV, F,^ ® V^) , 
and there is an exact sequence 

^ E+{ax, p) ^ H^ (P, C-'^(A, V+{ax, p))) ^ H'^^ (P, F^^ ® V^) 
For k > k^{ax, p) we have 

H^ (P, C--(A, V'^iax, p))) = H' (P, C-'^(A, V+{ax, p))) . 
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2. For allkGn 



+ dimi/''^A+i(r,F,^ 0^^) . 

3. For any k > k^{a, A) 

X (r, c~^{A, v+{ax, v))) = -XI (r, c-^{A, VH<TX, ^))) 

n 

= dimrc-°°(A,y+(aA,^))+ (-ir"'''^dimFP(r,F,, 

n 

= dim£:+(aA, V)+Y. ("If"'^^ dim/7P(r, F,, ® V^) . 
For Ifj^ = 1 t/izs siiTO can he rewritten as 



x{T,C-^{A,V+{ax,^))) = dimF+(aA,v^) + dimr(F^^0y^)-x(r,F^, 

= dimF^(crA, V') + dim'"( 

Here x(^) is the topological Euler characteristic ofY. 



dimF+(aA, ^) + d\Ta^{F^^ ® V^) - dim(F,J diui{V^)x{Y) 



Proof. It is sufficient to prove Assertions 1 and 2 and that x (r, C'-'^IA, ^''((Ja, (^))) = 0. 
All facts claimed concerning {T,C-^{A,V^{ax,^))) and {T,C-^{A,V+{ax,^))) are 
already known from Theorem |6.3|. For cocompact T the theorem now follows immediately 



from Proposition 8.11. We thus assume T to be noncocompact. 



The long exact sequence associated to (112) together with Lemma B.5 and the surjectivity 



res : ^ {dX,V+ [ax,^)) ^ {B ,V+ {ax,^)) 



of 

(compare the proof of Theorem |8.9| ) provides isomorphisms of C[^] -modules 

H^{T,C-^{A,V+{ax,^)))=H'P{T,C-^{dX,V^{ax^^))) , P>1. (120) 



Now Assertion 1 follows from Proposition ^.11 . In particular, all cohomology groups of 
C~^{A, F+(cja, f)) are finite-dimensional. Let be the restriction of g to C~'^(A, V~^{ax, ^p))- 
Now the exact sequence 



^ C--(A, V\ax. ^)) ^ C--(A, V+{ax. ^)) A C-^{A, V+{ax. ^)) ^ (121) 
implies that (P, C~^{A, V^{ax, ^))) is finite-dimensional and that 

X (P, C--(A, V\ax, ^))) = X (r, C-^{A, V^{ax, ^))) - x (r, C'^iA, V+{ax, ^))) = . 
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8 HYPERFUNCTIONS ON THE LIMIT SET AS COEFFICIENTS 



Q\ induces an operator ^?a,o on (r, C '^(A, V^{ax, v)))- We look at the long exact sequence 
associated to ( |121| ) . Because of ( |120D and Lemma |8.12| we obtain the exact sequence 

^ coker(f?A,o)' ^ (r, ^--(A, V\ax, ^))) ^ (r, C-'^(A, ^))) ^ . 



The space H*^ (r,C '^{K,V^{a\,ip))) is finite-dimensional. It follows that dimcoker(^3A,o)'^ = 
dimker(^A,o)'' = d\mH^ (r, (A, F'=(c7a, (/?))) . Moreover, 

(r,C-"(A,y+(aA, (/?))) - H'-^+\T,F„^®V^) 
by Assertion 1. It follows that 

dimi/i (r,C-"(A,y^-(t^A,9^))) =dimi7° (f, C-"(A, I^'^Ccta, v^))) +dimi7'-A+i(r, F,^ ® y^) . 

The direct sum decomposition of (F, C~'^(A, ^'^((7^, (/?))) claimed in Assertion 2 follows 
from the long exact sequence associated to (|lllD , Lemma |8.8| and Proposition 8.11 . The proof 



of the theorem is now complete. □ 



We conclude this section by a couple of remarks on Theorem 8.13 



For any a there exists a constant c(o") > such that for A G with |A| > we have 

_ J n A > 
"^"11 A < ■ 



Assume Lp to be unitary. For = n the vanishing results Corollary 4.13 and Proposition 7.3 
imply that (F, C~'^(A, V^{a\, (p))) = {0} for all p with the obvious exception a = 1 and F 
cocompact. Thus the generic non-zero contribution to the expected "topological part" of the 
divisor of the Selberg zeta function 

{{X,x{r,C--{A,V+{ax,^)))) I AG/;} 

is given by 

{{X,dimE+{ax,^) + dim^{F^^0V^)-dim{F^^)dim{V^)x{Y)) \ A < -c,}. 

For cocompact F and ax ^ l~p we have E'j^{ax, = {0}, ^{Fa^ V^p) = {0}. Thus the above 
multiplicity simplifies to — dim(i<'o-;,^) dim(VI^)x(^). This coincides with the formula for the 
order of the singularity of Zs,a,ip at very negative integer points obtained in |15|, Thm. 3.15. 



If a is trivial, then we can choose c(cj) = 0. If in addition, F is not cocompact and ip is 
trivial, then dimi?^((TA, ^) + dim'"(Fo-;^ V^) can be identified with the multiplicity nx of the 
pole of a normalized version of the scattering matrix at fi = X (see [^], Section 5). We 
obtain for negative A G /[ 

X (F, C-"(A, F+(1a))) =nx- x{Y) dimFi, . 
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It was proved by Patterson and Perry ||5^ that the right hand side coincides with ord;^(Z5^ 



1,1; 



This eventually led to the proof of Conjecture |8.1| , (v), in this special case |19]. One of the 
difficulties one is confronted with, if one tries to extend this approach to general a, is that for 
la^ ^ {l,n} the normalized scattering matrix has an infinite-dimensional pole at A, and thus 
there is no easy definition of the multiplicity nx. 

One can also get more precise information on the spaces (r,C~'^{A,V^{ax,(p))) , p = 
0, 1. Assume F to be noncocompact. Let 



be the restriction map. The long exact sequence associated to ( |111| ) combined with (|lT 
yields an exact sequence 

^ cokerresfc ^ (p, C-^(A, V^{ax, V?))) ^ H^"^^^{T, F^, ®V^)®H^"^ (P, F,, (^V^) ^ 



Combining this with Assertion 2 of Theorem S.13 we obtain an alternative proof of Corollary 
dimi/° (p,C"'^(A,y'=(CTA,^))) =dimcoker resk + d\mH^-^{T,F„^(^V^) . 



For n = 2 and noncocompact P the dimensions of the cohomology groups (P, C~'^(A, V{\x))) 
have been computed in |17] by slightly different methods. Note that in this case P has coho- 
mological dimension 1. Thus 

dimii-o (P, C~^{K, V{lx))) = dimH' (P, C-'^(A, ^(Ia))) . 

We refer to the end of Section ^ for a discussion of the dimension of H'^ at negative half integers 
A. 
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9 L^-COHOMOLOGY OF KLEINIAN MANIFOLDS 



9 The discrete spectrum and L^-cohomology of Kleinian man- 
ifolds 



In this section we consider a torsion-free convex cocompact non-cocompact subgroup of a linear 
rank one Lie group G. Let K C G he a maximal compact subgroup, and let g = t © p be 
the corresponding Cartan decomposition of the Lie algebra. We freely use all the notation 
introduced in previous sections. Whenever spaces of the form Ej^{ax,f) occur we tacitly 
assume that X = G/K ^ OH'^ or that 6r < 0. Let {ip,V^) be a finite-dimensional unitary 
representation of F. G acts unitarily on the Hilbert space 

L\T\G, ^):={f:G^V^\ f{gx) = v{g)f{x) G T, x E G, / < oo} , 

Jt\g 

where the action is given by right translation. One of the main results of [^] was the de- 
composition of this representation into irreducible ones, the so called Plancherel Theorem. 
Based on the results of Section ^ we will give a more precise description of the irreducible 
representations which can occur discretely in this decomposition. 

The second theme will be L^-cohomology of Kleinian manifolds. Let (vr, F) be an irre- 
ducible finite-dimensional representation of G. The admissible scalar product on F (see Sub- 
section |7.3|) induces an scalar product on the space E{'K®ip)) of compactly supported 
differential forms with values in the flat vector bundle E{'k if) such that the corresponding 
Hilbert space of square-integrable forms satisfies 

ni^-^{Y,E{T^(^^)) ^ [L2(r\G,vp)®F® A*p*]^ . (122) 

Using results on (g, K)-cohomology we will compute the L^-cohomology groups H^^^~^{Y, E{tt 
if)) and their reduced versions 7i^:^^{Y, E{Tr © f)) in terms of multiplicities of the unitary 
representations with infinitesimal character Xp the discrete part of L'^{T\G,(p), i.e., in 
terms of invariant distributions supported on the limit set. Here F is the dual representation 



of F. A comparison of these results with Theorem 6.3 then shows that for X = M//" and 
P > the natural map 

n^^^iY, E{tt © V?)) ^ HPiY, E{iT if)) 



is an isomorphism. This generalizes the main result of [^] for convex cocompact T to non- 
trivial TT and if. 

In order to state our refined version of the Plancherel Theorem for L^(r\G, we will 
introduce a couple of (g, K)-modules. By ff'^'^ we denote the underlying (g, i(')-module of 
C°°{dX, V{(7x))- Recall that for Re(A) > it has the unique nontrivial irreducible submodule 

JCT,A 

Let a £ M such that Pcr{0) = 0. Let < Ao- G o* be the corresponding end of the 
complementary series, i.e., the interval (0, Aq-) consists of all A with Re(A) > such that ff""'^ 
is irreducible and unitarizable. A^- can be characterized as the smallest A > such that iJ""'^ 
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becomes reducible. In particular, Ao- G I^^ (see Lemma |4.q) . The value of A^- is explicitly 
known in all cases (see S and the literature cited therein). For X = MiJ" it is given before 



Proposition |424[ Note that Aa- = A^. We set 

{aeM I pa(0)=0} Ae(0,A<,)n(0,5r] 



For any a the sum over A is actually finite by Corollary 4.13. By (38) and Lemma 4.£ we have 
Ej^{a\,ip) = ^C~°°{A,V{(Jx,(p)) unless A G By the remark following Lemma 4^ this 



cannot happen for A G (0, Ao-) and X = M.H"' or X = CH"". We have seen in the proof of 



Proposition |4.2l| that the matrix coefficient map 

Eiiax, v?) <S) H^'^ 3 f®^^ Cf^^ 

injects E\{ax,ip) ^ H'^'^ in a (g, ii')-equivariant way into L'^ {T\G ^ ip) k ■, where LF'{T\G,(p)k 
denotes the (g, -R')-module of IT-finite smooth vectors in L^(r\G, ip). We obtain an embedding 
of Hres(9?) into L'^{T\G,ip)K- Let L'^ {T\G , ^p^^^ be the closure in L'^{T\G,p) of the image of 
Tiresip) under the matrix coefficient map. 

We further introduce 

nuAv^)-= UAiax,ip)0r''' . 

{o-eA/\{l} I p„{0)=0} {Ae/™''"n(0,<5r] | /•'•^unitarizable} 



Again by the remark following Lemma 4.6 we have in case X = M.H"' oi X = CH'" that 



Ua{^x, ¥') = °°(A, V{a\, if)) for A G 1^^' . Moreover, it is known that in these two cases 

{A G a* I Re(A) > 0, 1'^'^unitarizable} = (0, A^] . (123) 

It follows that 

{A G C''- n (0,<5r] I /''•^unitarizable} C {A,,} . 

Last but not least we collect the contributions of the principal series modules H'^'^ for 
Po-(O) / 0. For X = MiJ", n odd, let Mq C M a set of representatives of VF(g, o)-orbits of 
representations which factorize over SO{n — 1) and which are not Weyl-invariant. We set 

'HuM := f/A(ao,'/')®^"'° • 

If dimX is even, then Mq := {a G M | G I^''}- Note that for X = RH"", n even, Mq = 0- 
The module H'^'^ splits into two eigenspaces of jo-,o 

Similarly, we obtain 

UhiaQ, if) = C//(ao, if) © Ul{ao, p) . 

Then 

■■= U+{ao, ^) H-^^ © ?7^(ao, p) © • 
o-eA/o 
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9 L^-COHOMOLOGY OF KLEINIAN MANIFOLDS 



We set 

Let L^{T\G,ip)u be the closure in L^{T\G,ip) of the image of TCtj{ip) under the matrix coeffi- 
cient map. 

Recall the definition and classification of discrete series representations of G from e.g. |44], 
Chapters IX and XII. We can now formulate the following refinement of [21|, Theorem 11.1. 



Theorem 9.1 If X ^ OH^ or 5r < 0, then there is a G-equivariant decomposition 

L\r\G, if) = L\r\G, cp)ac © L\r\G, , 

where the discrete subspace L^(r\G, ip)d, being the closure of the sum of all irreducible subrep- 
resentations of I?'{T\G,Lp), has a further decomposition 

I?' {T\G , if) cusp decomposes into discrete series representations ofG, each discrete series repre- 
sentation of G occurs with infinite multiplicity. It is zero iff X = Mff", n odd. The remaining 
part of I?'{T\G,(p)d is zero, if 5r < 0. 

L'^{T\G, ip)ac decomposes into a sum of direct integrals corresponding to the unitary prin- 
cipal series representations of G, each occurring with infinite multiplicity. The corresponding 
Plancherel measures are absolutely continuous with respect to the Lebesgue measure of ia* . 



Proof. The only point where Theorem 9.1 goes beyond |21], Theorem 11.1, is that certain 
contributions of the form U\{a\, (f) © I'^''^ and E\{ax, (p) © H"^'^ which appear in [^] do not 



occur in our definition of L {T\G, (f)u and L {T\G, 93)res- This is justified by Proposition 4.21 
and Proposition 4.23| . 



□ 



If one does not know that extx is meromorphic in the region {Re(A) > —e} for some 
e > 0, then it is not possible to determine L^(r\G, if )ac and to show that there is no singular 
continuous spectrum. However, if one traces back the arguments in |^] and the additional 
information obtained in Section ^ which led to the determination of L^(r\G, (p)d, one obtains 



a decomposition of L {T\G, (p)d without using extx. In particular, it was indicated in |21|, pp. 



121-122, how one can prove the finite-dimensionality of °°{A,V{ax, p)) without referring 
to extx- Indeed, also for X = OH'^ and (5r > the following is true. 



Proposition 9.2 Let L'^(T\G,ip)d be the closure of the sum of all irreducible subrepresenta- 
tions of L'^{T\G,Lp). Let L"^ {T\G , ip)jjo C L'^{T\G,tp)jj be the orthogonal complement of the 
contributions of those (c. A) such that A € (0, Ao-). Then 

L\V\G,^)d = L\T\G,ip)cusp®L\V\G,^)u, 

®cl( ^C-°^{A,V{ax.^))®H''' 

\{aeM I pa(0)=0} Ae(0,A^)n(0,5r] 
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Here cl means the closure in L^(r\G, L'^(r\G,ip)cusp decomposes into discrete series rep- 
resentations of G, each discrete series representation of G occurs with infinite multiplicity. 
While for fixed a the sum over A might be actually infinite, the individual multiplicity spaces 
^C~°°{A, V{ax, if)) and U\{crQ, tp) are finite- dimensional. 



We now want to compute the L^-cohomology groups H^^2)0^^^{'^ ® ^))- They are defined 
as follows 

{u G n%JY, E{-K if)) I do; = 0} 
{dri\T]en''^;^\Y,E{7T^^)),dT] enP^^^{Y,E{Tr^ip))} 

Here the differential d is taken in the distributional sense. Since is unitary the operators 



6f and Ap defined in Subsection [7^ coincide with the operators 6 and A associated to the 
Hermitian metric on E{TTfSi(p)) which were introduced in Section We also consider the space 
of square-integrable harmonic forms 

n^^^^{Y,E{TT(g)<f)) = {tj G o^2)(y,^;(7r®(p)) I Ai7Cj = o} 

= {uj en''^^^{Y,E{TT(g)ip))\duj = 0,SFUJ = 0} . 

The second equality uses the completeness of Y. It follows that the natural map 7i^2)0^j E(tt<Si 
if)) H^^^{Y, E{Tr 93)) is injective. It is an isomorphism if and only if the linear subspace 

^['2) := {dr]\r]£ n^^^^'^iY, E{^ ® ^)),dr] G ^^^^^{Y, E{tt ip))} C 51(2) ® V?)) is closed. In 
general, one has an orthogonal decomposition 



Hf^^{Y, E{7r if)) := H^^^iY, E{tt ^)) SyBf^^ , (124) 

where ~ denotes the closure, and the second summand is infinite-dimensional if not zero. 
W*2^(y, £'(7r (g) ip)) considered as a summand of H^2)0^i ^('^ ® ^)) is often called the reduced 
L^-cohomology. For these and more generalities on L^-cohomology we refer to [13|, Chapter 
3. Moreover, we have the following general fact 



Lemma 9.3 B^^^ = B^^^ if and only if ^ spec(A^ \bp~'' 



Proof. Assume that spec(A„ .-^p— )• This means that A .-^p— = d5„ .-^p- : dom(Air)ni? 
B^^^ is surjective. It follows that im d = B^2)' 



Vice versa, if d has closed range, then by general principles dp = d* has closed ra nge, too. 
It follows that im6F = kerd-*- C Q,^^^^{Y, E{7: (8) ip)). By assumption any element in B^^) can 

be written as dr] for some r]. Here we can assume that rj G kerd"*-. It follows that ddp is 
surjective on B^^y By ( |124| ) the Laplacian is always injective on dom(Ap') n B^2)' This shows 
that ^ spec(A |-^). □ 

^ 1^(2) 
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We want to employ the theory of (g, i^)-cohomology of irreducible unitarizable (g, K)- 
modules in a similar manner as it has been done in the computation of the L^-cohomology for 
symmetric spaces in Q (compare also |^5|) and for locally symmetric spaces of finite volume 
in ilC 



The functor of (5, ii')-cohomology V H* (g, K, V) which goes from the category of (g, K)- 
modules to the category of vector spaces is the right derived functor of the left exact functor 
taking (g, X)-invariants. H*{q, K, V) can be computed using the standard relative Lie algebra 
cohomology complex {[V A*p*]-'^, d), where 

p 

dijiXo, . . . ,Xp) = ^i-iy7TiXi)ioiXo, . . . ,X^, . . . ,Xp) , u;e[V®APp*f, Xi e p . 

i=0 

Note that for V = C°°{T\G,(p)k CS* F this complex is isomorphic to the de Rham complex 
i}*{Y, E{Tr<^(p)). The following basic result can be considered as an algebraic version of Hodge 
theory. 



Proposition 9.4 II. 3.1. and 1.5.3.) Let (7r,F) be an irreducible finite- dimensional 

{q, K) -module. Then 

1. For any irreducible unitarizable {q, K)-module {£,,V) 

[V (S) F APp*]^ ^(n) = 7r(n) 



mi,,K,v^F)-^ {0} ■ 

2. If V is a locally Z{Q)-finite {q, K)-module, then 

HPiQ, K,V<S)F) = HP{g, K, V^P F) , 

where F is the dual representation of F . In particular, ifV has (generalized) infinitesimal 
character Xv Xpj ihen IIP{q, K,V (E) F) = {0}. 



We now give the list of the cohomology groups for all irreducible V such that xv = 
Xp for some finite-dimensional irreducible F. Note that discrete series modules always have 
this property. Moreover, iff X 7^ then then for any F there are exactly kx '■= 

l^(0C) ')«)/^(6c; f)e)l inequivalent discrete series modules having infinitesimal character xf- 
Here l)t is a Cartan subalgebra of 6 which is also a Cartan subalgebra of g. We have 



X 










kx 


2 


n + 1 


n + 1 


3 



In the odd-dimensional case X ^ WH'^^'^^ there are no discrete series representations. 



Proposition 9.5 ([Jll[j ,11.5.3.) Let V be a discrete series module with infinitesimal character 
Xp- Then 



p dimX 
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By Langlands classification (see e.g. [25|, Sect. 2.1) an irreducible (g, K)-modules with 
infinitesimal cliaracter xf which is not a discrete series module is equivalent to exactly one of 
the modules Ip := 1°^'^, where 

wGWo:={we W{qc, f)c) I wi[)l) Ca*_e i^} C 

and a\ = cr^\^- Here we have used the notation of Section |6|, and a*_ := —a\. If Xw = 0, 
which can only happen for X = Mff^""'"^, then H'^f'^ is irreducible, and Ip := H'^f'^. 

li X = Ri/", then we have in the notation of Section ^ 

= {wr,w;i^i, . . . ,Wn~.i} n even , 
= {w- , Wn±i , . . . , Wn-i} n odd . 

2 

For p G {0, 1, ...,[§] - 1} we set := Ip"''^" , /+ := Ip-. Thus Fp, I^ are the under- 
lying (g, X)-modules of the G-representations Zp (introduced before Proposition ^.10 ) and 
C-(aX,y(cT+;^J), respectively. 

In the remaining cases the set can be labeled in a natural way as follows (compare the 
so-called Hasse diagrams in |25|, pp. 177-180) 

{wij\i,j eno,i+j <n-l} , X = C//", 
{wij h < j G No, i + J < 2n - 1} , X = Mi?" , 

{woo, • • • , Woi, Wi3, Wi6,W23,W24., W25} , X = OH"^ . 



Note that Wij has length dimdX — (i + j). We will denote the modules Ip''^ by Ip 



Proposition 9.6 We have for 

X = RH-: H^i,,K,ll^F) = \ ^ =^:^^ 

C p=«^,B±l 



HP{g,K,n0F) 



{0} otherwise 

C p = i+j,i + j + 2,...,2n-{i + j) 



X = CH-': iJ^8,A-./V0F)^^(„, ^^^^^^^ 
X = Hff " : H'i,, K, ^1 « F) = { f = 2i + 4, _ 4„ - 2i _ 



H'(s,K,lfrsF) 



C /)= 1,7,9,15 

{0} otherwise 
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HP{Q,K,lf^F) 
HP{Q,K,lf^F) 
HP{g,K,lf^F) 
HPi0,K,lf(g,F) 
HP{Q,K,lf®F) 
HP{Q,K,lf®F) 
HP{g,K,lfcsF) 



HP{Q,K,fJ(^F) 



c 


p = 2,6,8, 10, 14 


{0} 


otherwise 


c 


p = 3,5,7,9,11,13 


{0} 


otherwise 


c 


p = 4,8,12 


{0} 


otherwise ' 


c 


p = 4,6,10,12 


{0} 


otherwise ' 


c 


p = 5,7,9,11 


{0} 


otherwise ' 


c 


p = 6, 8, 10 


{0} 


otherwise ' 


c 


p = 7,9 


{0} 


otherwise ' 


c 


p = 2+j, U-j 


{0} 


otherwise 



j = 3,4,5 



Proof. For the trivial representation F = C the result is given in |25], Chapter 7. It is not 
difficult to derive from Proposition 6.1 that Ip, = (/^ F)^f . Using Proposition 9.4, 2., we 
obtain 



HP{q, K, If0F) = HP{g, KJ^^F0F) = HP{g, K, (F F) 
This finishes the proof of the proposition. 



□ 



Here we are only interested in the cohomology groups for unitarizable modules. Ip is called 
isolated unitary, if the corresponding representation of G is isolated in the unitary dual, i.e., 
Am, > Act™. Such modules exist for X = MH"^ and X = OH'^, only. 



Proposition 9.7 Among the modules Ip precisely the following are unitarizable: 



X = Mi?".' Ip for pf ^ Q and Ip for pf ^ ^^T^- ^^"i^^ PF is as in Proposition 7^. In 
these cases we have Xq = p — qa, A+ = 0. 

X = CH'^: Ip for those F having highest weight v = (mo, . . . , m„) G fj^ with 
nii = mj+i = . . . = run-j- In this case we have Xij = {n — {i + j))a. 

X = MH"^: Ip is isolated unitary iffi = j and the highest weight v = (mo, m-i, . . . , m„) G 
f)+ of F satisfies rrii = m,_|_i = . . . = m„ = 0. Then we have Xa = (2n + 1 — 2i)a. The 
remaining unitarizable modules are Ip for j > n and mj = mj+i = . . . = m2n-j ■ In 
these cases Xij = (2n — (i + j))a. 



Ill 



ij 


V 




isolated 


00 


rriQ = . . . = m3 = 


11a 


X 


04 


rriQ = nil, 1712 = ^3 = 


5a 


X 


15 


mo = ?n,i + m2, ms = 


2a 




16 


mo = mi + m2 + ms 


a 




23 


mi = m2 = m3 = 


5a 




24 


m2 = m3 = 


3a 




25 


m3 = 


a 





Here the highest weight of F is given by u = {niQ, 7171,1712,1713), where m^ € mi — rrij G 
^) "^0 ^ iTT-i + ^7i2 + ms, mi > m2 > ms > 0. 



Proof. The assertion for X = WH"' was already obtained in the proof of Proposition 7^. For 
X = CH"' the module //'^■•^ is irreducible if and only if A I^^ (see Lemma and the remark 
following it). Now ( 123 ) implies that Ip is unitarizable if and only if Ajj — 2A;a I^fj for all 



G N such that Xp^ij — 2ka > 0. Let = (mo, mi, . . . , m„) G f)^ be the highest weight of F. 
2a considered as an element of t)^ is given by (1,0, ... ,0, —1), pg = (^, . . . , — — §)• 
Then 



-{^F,ij -'^ka) + fi^ij + Pm = Wijiu + Pq) +2ka 

n n n n 

= [mn-j + J + k - -,mo + -, . . . ,mn - -,mi + - - 1 - k) . 

Such an element is not weakly regular if and only if at least two coordinates coincide. Now 
the assertion can be easily checked. 



The list for Hi?" is extracted from the classification of the unitary dual of Sp{l,n) given 
in Q, Thm. 7.1. Here we have used that, if f)!j^ = {(mo, . . . , m„) | mo > mi > . . . > m„ > 0}, 
then pg = {n + l,n, . . . ,1), 2a = (1, 1, 0, ... , 0), and 

(-(mj+i + n- j), -{rrii + n + 1 - z), mo + n + 1, . . . , m^ + 1) j <n - 1 
(m2„_j +i + 1 - n, -(mj + n + 1 - i),mo + n + 1, . . . ,m„ + 1) j>n 



Wij{v+pg 



For X = OH'^ and F = C the list is taken from |25|, p. 155, where also the real semisimple 
part ''lo of the Levi subalgebra of the 0-stable parabolic q C gc is given such that I^-' = Aq{0). 
Here ^q(O) denotes the Zuckerman module associated to q (for this notion see e.g. [^, [p^]. 
Chapters 6 and 9). The reader has to be aware that in this list the algebra '^lo = sp(l,2) 
is missing. Therefore I^^ is unitarizable though stated conversely. Now it follows from the 
non-vanishing of the cohomology of all modules in question (see Proposition ^^ ) and the 
Vogan-Zuckerman classification of unitarizable modules with cohomology ([^, |^^, Thm. 
9.7.1) that Ip is unitary iff is so and the corresponding ^Iq annihilates the highest weight 
vector of F. This leads to the conditions on v. Compare also the list in terms of lowest 
ET- types given in Q. □ 



We remark that we could have used the above mentioned Vogan-Zuckerman classification 
in terms of the modules ^q(z^) (together with the a priori knowledge that all unitarizable 



112 



9 L^-COHOMOLOGY OF KLEINIAN MANIFOLDS 



modules with integral regular infinitesimal character have cohomology [pOj ) in order to obtain 
the list of all unitarizable modules Ip together with their cohomology at once. For this one has 
to relate the parametrization by to the parametrization by 0-stable parabolic subalgebras 
1 C 5c (modulo certain equivalence relations). A short indication how this rather involved 



correspondence works can be found in |3|, pp. 30-31. However, Theorems and together 
contain more information which might be of some value for possible generalizations of Theorem 
5.5 and Theorem |6.3| to arbitrary rank one groups. 



For each discrete series module (^F.ii^gf 



0, 



,kx — with infinitesimal character 



Xf we introduce the Hilbert space of multiplicities of the dual module 

Df4^) :=Homg,^(y^^^,L2(r\G,v9)i^) . 
It can be identified with a subspace of F-invariant elements in the tensor product of the distribu- 



oo. 



tion globalization of V^^^ . with (see [21|, Ch. 8). By Theorem 3.1 we have dim DF^i{(f) 
As in Subsection we consider the non-negative real number dr defined by dra := 5r + p- 
Note that dr is equal to the Hausdorff dimension of A with respect to the natural class of 
sub-Riemannian metrics on dX ([p6|,|K^], pH]). We have (see Corollary 4.22) 



X 


Mi?" 








dr < 


n — 1 


2n 


4n 


16 



(125) 



Now we can give a complete description of the L^- cohomology groups H^2)0^j -^(^ ^ v)) 
and H^^^{Y, E{-k (g) (p)) (recall the decomposition ( 124D ). 



Theorem 9.8 Let (vr,F) he an irreducible finite- dimensional representation of G, {ip,V^) a 
finite- dimensional unitary representation ofT. We use the same notation for the highest weight 



of F as in Proposition 9.7. 



If X ^ OH^ or if 6r < 0, then H^^^{Y,E{7: ip)) / H%{Y,E{tt ® ^)) if and only if 



(2)> 



X = Mif", n odd, p = and pp < T^-G- run^ = Oj- general, we have for 



X 



n\^^{Y,E{T,®ip)) - [7a«^;,^,(^) , p< 

n-l 
H. 

■Hl^^{Y,E{^®^)) ^ Df,o{^) (B Df,i{^) . 
Ifp< m.m{pF,n- 1 - dr}, then H^^^^iY, E{tt (g,ip)) ={0}. 



n-2 



X = CF".- 



nl^^iY,E{n(E)ip)) 



1=0 i+j=p-2l 



,(p) , p<n-l 
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i=0 1=1 i+j=n-2l 

If rrii > nin-j or i + j <2n — dr, then U\{a^p^,,, ip) = {0}. 
X = IIH'': 



(Y, E{7r<S)^)) ^ ^7a(4a., P < 2n - 1, p odd 

Z=0 i+j=p-2l,j>n 



i=3,5,...,f 1=0 i+j=p-2lj>n 

p <2n — 1, p = 2 mod 4 



Hj'2)(y,i?(7r®99)) 



i=0 i+j=p-2l,j>n 

p <2n — 1, p = mod 4 



i=2,4,...,f 



Wg(y,i?(7r®(^)) - ^Df,{^)® C/a(4a,,,</') 

j=0 i=3,5,.--,ra 



[^] 



© © t^A(fT^,A., ''/^) ' n odd , 

1=0 i^j=p-2lj>n 



i=0 



j=2,4,...,n 



© © ^a(4a.„^) 

Z=0 i+j=p-2l,j>n 



n even 



If rrii ^ or 2i < An + 2 — dr, then U \{a'^p y^,,, (p) = {0}. // rrn > m2n-j or i + j < 
4n + 1 - dr, then UA{af^^,^, ip) = {0}. 

X = OH^: 

■Hl^^{Y,E{^®ip)) = {0} , p< 5 , 
-H\^){Y,E{7:®^)) - C/A(4'A,s''^)®f^A(4'A,4'V') ' 

H('2)(y,ii;(7r®<^)) - t/A(4'Aie''^)®f^A(4'A25'V') ' 

rL%^{Y,E{^®^)) ^ L>f,oM©^F,lM®^F,2M©f^A(4^i5></') • 



W^e /iafe UA{ap^,,,ip) = {0}, i/ Ajj > 6r or if the highest weight v = (mo, mi, m2, ma) 



o/ does not satisfy the condition given by the table in Proposition \9. % 
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By Poincare duality rq!^^~^{Y,E{TT ® ^)) ^ 7{[^^{Y,E{t: ® ip)). For p + the spaces 

TC''^2-^{Y, E{tt f)) are finite- dimensional. In case of even dimension 'H^2) O^j^i"^ v)) ^-^ 
always infinite- dimensional. 



Proof. We employ the isomorphism ( |122| ) which sends A^? to — id id + id 03 '7r($7) id. 



Lemma 9^ and the decomposition (124) tell us that B^^,^ ^ B^^-^ if and only if belongs to 



the continuous spectrum of A^r restricted to p-cocycles. By Theorem 9.1 this can only occur 
if 

G {Xa,x{^) - vr(17) \Xeia*,aeM s.th. [H"'^ ® F ® A^p*]^ / {0}} . 

If (cj, A) G M X ia* satifies Xct,x{^) — vr(J7) = 0, then Proposition implies that 

[H'''^ F APp*]-^ = HP{q, K, H"'^ F) (126) 

and that Xa,x = Xp- Propositions |9]^ and |9]^ the space HP{q, K, H"'^ ® F) is non-zero if 
and only if X = MF", n odd, p = pp < A = 0, and a = ap Note that pp = pp. 
Fix such a (T. It remains to check for which p G {^^^, the corresponding direct integral 
over ia* contributes to cocycles in ^.^^^{Y, E{tt (g) ip)). This happens iff the space of p-cocycles 

in the relative Lie algebra cohomology complex ([ff^'^ F (8) A^p*]^,d) is non-zero for a 
nonempty open subset of ia*. The left hand side of ( |126| ) does not depend on A. It follows 
that [H"'^ (g) F (g) APp*]^ = {0} for p ^} and ah A. Since for A 7^ the cohomology 

IIP{q, K, H'^'^ (g) F) vanishes for all p we conclude that d is injective on [ff"'''^ F (g) A^p*]^ 
and that [i?'^''^ (g) F (g) A^~p*]^ consists entirely of cocyles. This proves the first assertion of 
the theorem. 

Let G be the unitary dual of G. If we write 

Hilbcrt 

L\T\G,^)d= }iomG{W^,L\T\G,v))0W^ , 

then 

Hilbert 

n^^2^{Y,E{Tr(^p^)) = RomciW^, L\T\G, if)) (g) [W^^K ^ F APp*f . 

Here W^^^k denotes the underlying (g, i^)-module of W^. By Proposition the right hand 
side is equal to the finite sum 

HomG(H^^ F2(r\G, ^)) HP{q, K, W^,k F) . 

{(,eG\x^=XF} 

If is a discrete series representation with x^ = Xp^ then HomG'(W^, L^(r\G, (/?)) = Dp^i{ip) 
for some i G {0, . . . , fex — 1}- The underlying (g, iir)-modules of the remaining unitary represen- 



tations with Xi = Xp listed in Proposition |9.7| . Theorem 9.1 and Proposition then as- 
sert that (Mm.Dp^ii'p) = 00 and that for the remaining representations IIomG(VFg, lP'{T\G, ip)) 
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is one of the finite-dimensional spaces Uj^[af ^^^ip), w G . Note that cr|| = unless 
X = Mi7", n odd, w = W-. The restrictions for the possible values of 6r indicated in table ( |125| ) 
force some of these multiplicity spaces to be zero. The cohomology groups HP{q, K, W^^k 'S^'F) 
have been determined in Propositions 9.5 and 9.6. This finishes the proof of the theorem. □ 



We would like to emphasize the following two vanishing results which are contained in 



Theorem 9.8 



Corollary 9.9 Define the critical strip Sx by the following table: 



X 


Sx 


RH'" 


[n - 1 - dr,dr + 1] 




[2n — dr, dr] 




[2 + {An - dr), dr - 2] n 2Z U [I + (4n - dr), dr - 1] n [n, 3n] 




[6,10] n [19-dr,rfr -3] 



Ifp Sx and p / 



dim Y 
2 ' 



then nl^^{Y,E{TT ® (p)) = {0}. 



Corollary 9.10 If F is generic, i.e., its highest weight v lies in the interior of the positive 
Weyl chamber i)^, then n^^^^{Y, E{tt ® ^)) = {0} for p / 



We also conclude 
Corollary 9.11 If X = Mff" and p > then the natural map 



is an isomorphism. For p = j it is surjective. 



Proof. Let p > By Theorem |6.3| and Theorem 9^ both sides are isomorphic to 

Uj^i'^F~xi-p^'^) *° f^Al^^o' respectively). We leave the simple verification that these 
isomorphisms are compatible with the map TC^^^{Y, E{'K®ip)) — > HP{Y, E{Ti®ip)) to the reader. 

Similarly, for p = ^ we use the fact that Zp ^^[(p) C Dpfi{ip) © Dp^i{ip) (compare the proof of 
Lemma |6^) . □ 



It was asked in the introduction of ||2T| what the significance of the space I?'{T\G,ip)u , 
that is of the multiplicity spaces Ut^{a\,^p), could be. For regular infinitesimal character Xct,\ 
Theorem |9^ provides an answer. The spaces U\{a\,Lp) appear as a kind of primitive parts 
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of the L^-cohomology spaces 7i^^s^{Y, E{7r ® ip)), Xa,x = Xf- Indeed, for X = CH^ it is not 
difficult to verify that 



U^i^fx.p^'P) P + q<n-l 
DF,q p = n-q 



where Ti.-^'1^^^{Y, E{7r ® ip)) denotes the space of square integrable harmonic primitive {p,q)- 
forms. (It would be interesting to find an analogous interpretation of the spaces U/\_{ax, ip) for 
weakly regular, singular infinitesimal character Xa,x-) We see that the spaces Ut^{a\,ip) play 
a similar role as the multiplicity spaces of the discrete series. This phenomenon can also be 
observed from a pure harmonic analysis point of view. Let C{T\G,'p) C Lp'{T\G,ip) be the 
Schwartz space (see |21], Ch. 8) which is the analog for r\G of the Harish-Chandra Schwartz 



space of G. Its subspace 

°C(r\G, v?) = {/ G C(r\G, ^) I f fignh) dn = for all g,h£G s.th. gP E Q} 

Jn 

may be considered as the analog of the Harish-Chandra space of cusp forms on G. The closure 
of ^C{T\G,ip) in L^(r\G, (/j) can be shown to be equal to 

L\T\G,ip)cuspeL\T\G,ip)u . 
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